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ABSTRACT:In this paper, the design of 3D PC chaotic system has been implemented using Euler, Heun, RK4 and 
RK5-Butcher numerical algorithms in VHDL with 32 bit IQ-Math fixed point number format (16I-16Q) on FPGA. The 
chaotic system designed with different numerical algorithms has been tested by being synthesized in Xilinx Virtex–6 
(xc6vlx75t) FPGA chip. Additionally, the statistics of FPGA chip resource consumption have been investigated. It has 
been observed that the chaotic oscillators that designed on FPGA in fixed point number format have not only higher 
operating frequencies but also lower resource consumption ratio with respect to observed results and floating point 
designs in literature. As a result, various chaos based engineering applications can be performed using chaotic system 
model that realized in fixed point number format with different algorithms as hardware. 
 
KEYWORDS:Chaos;Chaotic Systems; Numerical Algorithms; FPGA; VHDL 
 

I.INTRODUCTION 

Nonlinear chaotic systems and their negative/positive effects on the circuits are one of the scientific areas that have 
been researched in recent years. Chaos, which has been researched in dynamic systems, is known as the most 
complicated steady state behavior.  When the definition of chaos is investigated, it is seen that it is a nonlinear system 
having sensitive dependence on initial conditions, deterministic character and aperiodicity in long term [1]–[3]. 
Although chaotic systems do not have too complex circuit structures, having interesting dynamic properties have 
quietly increased the interest to chaotic systems recently [4], [5]. During the recent years, important studies related to 
research and application of chaotic systems have carried out in scientific and industrial areas [6]. Biomedical [7], 
communication [8], optic electronic and electromagnetic [9], [10], image processing [11], [12], fuzzy logic [13], power 
electronic [14], optimization [15], robot control and mechatronic [16], [17] can be given as examples for these 
application areas. Due to the properties of chaotic systems including generating noise like signals, exhibiting aperiodic 
behaviors and having sensitive dependence on initial conditions, chaotic systems have often been used in the areas of 
communication engineering like cryptography,  secure communication [18], noise generators, encryption and random 
number generators [19]–[24]. 
  
Because of chaotic systems’ having a wide application area in information security, these systems can be realized in 
two different ways as analog and digital. Since digital circuit-based FPGA (Field Programmable Gate Array) chips 
have features of high speed and capacity, FPGA chips have important potential in applications like cryptology and 
secure communication that require high performance and high power of processor. FPGA-based chaotic systems and 
the applications which these systems used draw interest from literature due to the properties of these chips including 
running in parallel, having very modular structure, low design & test cost and being able to be reprogrammed in the 
field [25]–[28]. Table 1 presents the mathematical properties and the technical details of FPGA based chaotic oscillator 
designs in recent years. 
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Reference The mathematical properties of the chaotic system Algorithm Number 
Format 

Opr. Freq. 
(MHz) 

[3] 
3D Burke-Shaw non-linear autonomous chaotic system,  
2 quadratic nonlinearities, 6 terms, 
2 parameters 

RK5- 
Butcher 

32 Bit 
IEEE-754 
Float. point 

373.094 

[21] 
3D a new chaotic system without equilibrium points,  
continuous time, 5 quadratic nonlinearities, 10 terms, 
6 parameters,  

RK4 
32 Bit 
IEEE-754 
Float. point 

373.094 

[26] 
3D continuous time, quadratic autonomous, 
hybrid chaotic systems, four complex chaotic attractors  
(Lorenz, Lü, Chen and Liu-Chen)  

Euler 
32 bits 
(16Q16) 
Fixed-point 

38,86 

[27] 
3D continuous time, autonomous,  
8 terms, 4 quadratic nonlinearities,  
1 parameters 

Euler 
Heun 
RK4 

32bit IEEE 
754 
Float. point 

463.688 

[28] 
3D continuous time autonomous,  
having golden-section equilibra,  
2 quadratic nonlinearities, 8 terms, 2 parameters 

Heun 
32 bits 
(16Q16) 
Fixed-point 

406.736 

[29] 
3D continuous autonomous, 
6 terms, 2 quadratic nonlinearities,  
1 parameter 

Feed Forward  
ANN,Log-Sig. 
Tran. function 

32bit IEEE 
754 
Float. point 

266.429 

[30] 
3D continuous-time autonomous chaotic system,  
5 quadratic nonlinearities, 10 terms,  
2 parameters  

Heun 
RK4 

32 Bit 
IEEE-754 
Float. point 

390.076 

This 
Article 

3D continuous-time autonomous chaotic system,  
5 quadratic nonlinearities, 10 terms,  
2 parameters 

Euler 
Heun, RK4 

RK5-Butcher 

32 bits 
(16Q16) 
Fix.-point 

464.688 

Table. 1 The technical properties of FPGA based chaotic oscillator designs in recent years. 

As summarized in Table 1, the hardware studies related to FPGA-based chaotic systems have generally carried out 
using floating point number system. Although fixed point number representation presents more effective way to realize 
in hardware, the chaotic systems designed using fixed point number representation have not commensurately studied, 
yet. 3D PC chaotic system [30], which presented to literature in 2016 by Tuna et al., has been implemented on FPGA 
by using four different numerical algorithms in fixed point number format. Tuna has designed PC chaotic system using 
Heun and RK4 numerical algorithms in IEEE 754-1985 floating point number format on FPGA [30].  
 
In this article, the same chaotic systems (PC chaotic system) has been designed not only using Euler and RK5-Butcher 
numerical algorithms in floating point number format but also using Euler, Heun, RK4 and RK5-Butcher numerical 
algorithms  in fixed point number format. Thus, it is aimed to design and implement fixed point number based PC 
chaotic system as hardware in a simple, rapid and more effective way. In the second section, the discretized 
mathematical models of PC chaotic system have been extracted. In the third section, the discretized designs of PC 
chaotic system have been presented using four different numerical algorithms in VHDL with 32 bit IQ-Math (16I-16Q) 
fixed point number format on FPGA. The designed systems have been synthesized and tested in Xilinx Virtex-6 
XC6VLX75T-3FF784 FPGA chip. In the last section, the results obtained from the design of PC chaotic system using 
different algorithms in fixed point number representation and floating point number representation on FPGA have been 
compared and then evaluated. 

II.HARDWARE IMPLEMENTATION OF PC CHAOTIC SYSTEM 
 
A. MATHEMATICAL MODEL OF PC CHAOTIC SYSTEM 
The mathematical equation of PC chaotic systems is given in Eq. 1. Here ρ and σ are the state variables of PC chaotic 
systems and the initial conditions of PC chaotic systems are defined as  (x0=-1, y0=0, z0=1) [30]. 
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B. DISCRETE MATHEMATICAL EQUATIONS OF THE PC CHAOTIC SYSTEM 
In this part, PC chaotic systems has been modeled using Euler, Heun, RK4 and RK5-Butcher numerical algorithms in 
VHDL with 32 bit IQ-Math fixed point number standart. The performance and chip statistics of the results obtained 
from the implementation on FPGA have been investigated and the precision analysis of the numerical algorithms has 
been performed. Since the discretized mathematical equations of Heun and RK4 numerical algorithms have been 
previously reported in the study [30], here the discretized mathematical equations of Euler and RK5-Butcher numerical 
algorithms have been presented. The initial conditions of x(k), y(k) and z(k) in discretized models of algorithms have 
been defined as x(k)=-1.0, y(k)=0,0 and z(k)=1.0 for PC chaotic systems. The discretized mathematical model of PC 
chaotic systems using Euler algorithm is given in Eq. 2. 

 
 
 

(2) 
 
 

 
The discretized mathematical model of PC chaotic systems using RK5-Butcher algorithm is given in Eq. 3. Although 
RK5-Butcher algorithm and RK4 algorithm have similar structures, RK5-Butcher algorithm generates more sensitive 
solutions than RK4 due to RK5-Butcher’s having the terms of 5th and 6th degrees.  
 

III. THE IMPLEMENTATION OF PC CHAOTIC SYSTEMS ON FPGA 

 
In this part, the PC chaotic systems has been modeled using Euler, Heun, RK4 and RK5-Butcher numerical algorithms 
in 32 bit IQ-Math fixed point number standart on FPGA and coded in VHDL. The units including subtractor, multiplier 
and adder which are suitable for fixed point number standard and are utilized for the designs, have been generated with 
IP-CORE Generator developed by Xilinx ISE Design Tools.The top level block diagrams of Euler, Heun, RK4 and 
RK5-Butcher-based units are the same for all algorithms as shown in Fig. 1. Start and Clk signals are one bit signals 
that are ready at inputs of the unit. These signals are utilized for scheduling all units and synchronizing all units and 
their connections. Δh is responsible for determining the precision of the algorithm and it represents the step size 
parameter. This signal is applied from the outer side so it presents modularity for the implementation. The initial values 
have responsibility for the system startup and they have been embedded into the implementation for reducing the chip 
resource usage. However, when it is essential to utilize these signals, it is convenient to implement the system to 
arrange the initial values describing 3 signals that have 32-bit by changing slightly the design. In the designed Euler, 
Heun, RK4 and RK5-Butcher-based chaotic oscillators, there exist three 32-bit output signals namely, X_out, Y_out and 
Z_out and all of them compatible with fixed point number representation and one bit xyz_ready signal to demonstrate if 
the outputs are ready. 
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Fig. 1 The Top level block diagram of FPGA-based PC chaotic systems unit. 

The third top level block diagram of Euler-Based PC Chaotic Systems unit is illustrated in Fig. 2. The units namely 
Mux, Multiplier, Adder, Filter and f are utilized in the construction of the oscillator unit. The unit runs in pipelined 
manner and Euler-based PC chaotic oscillator unit generates the first results after 28 clock pulse. The signals produced 
by chaotic oscillator unit namely, x(k+1), y(k+1) and z(k+1) constitute not only the outputs of the system but also new 
initial conditions for system by being sent to MUX unit for calculating the next algorithm. 
 

 
Fig. 2 The third top level block diagram of Euler-based PC chaotic systems unit. 

The third top level block diagram of RK5-Based PC chaotic Systems unit is shown in Fig. 3. There are 9 units (k1, k2, 
k3, k4, k5, k6,ys and Filter) in the construction of the chaotic oscillator unit. Differently from the RK4-Based design, 
thispart includes k5 and k6 units to compute 5th and 6th degree terms. Apart from that, it runs very analogue to RK4-
based new chaotic oscillator unit. 
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Fig. 3 The third top level block diagram of RK5-Butcher-based PC chaotic systems unit. 

 

IV. TEST RESULTS OF FPGA-BASED PC CHAOTIC SYSTEM 

 
Euler, Heun, RK4 and RK5-Butcher-based oscillator units are synthesized for the Xilinx Virtex–6 chip. The detail of 
FPGA resource usage and the units’ parameters about clock frequencies have been examined. The data operation time 
of units contemplated on 4 distinct architectures have been attained by Xilinx ISE Design Tools 14.2. The “x”, “y” and 
“z” signals of the chaotic oscillator correspond to X_out, Y_out and Z_out signals of chaotic oscillator unit by 
implementing on FPGA using ISE Design Tools software. The values related to time series of  X_out, Y_out and Z_out 
signals are represented by 32 bit fixed point number format.  Xilinx ISE simulator results of the Euler, Heun, RK4 and 
RK5-Butcher-based PC chaotic system units that designed on FPGA in fixed point number format are presented in Fig. 
4-7. 
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Fig. 4. Xilinx ISE simulator results of the Euler-based PC chaotic oscillator unit. 

 
Fig. 5 Xilinx ISE simulator results of the Heun-based PC chaotic oscillator unit. 

 
Fig. 6 Xilinx ISE simulator results of the RK4-based PC chaotic oscillator unit. 

 
Fig. 7 Xilinx ISE simulator results of the RK5-Butcher-based PC chaotic oscillator unit. 

After the Place&Route procedure that has been carried out at the end of synthesizing the Euler, Heun, RK4 and RK5-
Butcher-based PC chaotic oscillators in 32 bit IQ-Math fixed point number format, Xilinx Virtex-6 xc6vlx75T-3ff784 
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chip statistics are achieved and illustrated in Table 2. As observed from Table 2, the maximum usable frequencies of 
the chaotic oscillators have been measured as 464.688 MHz. 

Device Utilization Summary 
(estimated values) 

Euler-Based  
PC chaotic system 

Heun-Based 
PC chaotic system 

RK4-Based 
PC chaotic system 

RK5- Butcher  
PC chaotic system 

Used / Utilization (%) 
Number of Slice Registers 1471 / 1 2998 / 3 6439 / 6 12444 / 13 
Number of Occupied slices 2475 / 24 3750 / 34 4248 / 39 5247 / 42 
Number of Slice LUTs 1249 / 2 2687 / 5 5756 / 12 11144 / 23 
Number of fully used LUT-FF pairs 999 / 58 2117 / 59 4548 / 59 8769 / 59 
Number of bonded IOBs 99 / 27 99 / 27 99 / 27 99 /27 
Number of BUFG/BUFGCTRLs 1 / 3 1 / 3 1 / 3 1 / 3 
Number of DSP48E1s 36 / 12 72 / 25 168 / 58 315 / 120 (*) 
Max. Clock Frequency (MHz) 464,688 464,688 464,688 436,143 
(*) More than 100% of Device resources are used  

Table. 2 The chip statistics of PC chaotic system that designed with different numerical algorithms in 32 bit IQ-Math 
fixed point number format (16I-16Q) onFPGA. 

 
Table 3 shows the chip statistics attained from Euler, Heun, RK4 and RK5-Butcher-based implementation that 
designed with different numerical algorithms in 32 bit IQ-Math floating point number format onFPGA. The purpose is 
to make the comparison of two different number system on hardware with respect to performances and chip statistics. 
As seen in Table 2 and Table 3, the PC chaotic system designed by fixed point number format has not only lower 
FPGA resource consumption but also greater operating frequency than floating point number format. 
 

Device Utilization Summary 
(estimated values) 

Euler-Based  
PC chaotic system 

Heun-Based 
PC chaotic system 

RK4-Based 
PC chaotic system 

RK5- Butcher  
PC chaotic system 

Used / Utilization (%) 
Number of Slice Registers 11275 / 15 21499 / 23 45805 / 49 53475 / 58 
Number of Occupied slices 4752 / 46 6283 / 53 7585 / 65 8785 / 71 
Number of Slice LUTs 18475 / 38  20333 / 43 47273 / 101 (*) 57485 / 127 (*) 
Number of fully used LUT-FF pairs 14895 / 62 16925 / 67 36939 / 65 41751 / 72 
Number of bonded IOBs 131 / 36 131 / 36 131 / 36 131 / 36 
Number of BUFG/BUFGCTRLs 1 / 3 1 / 3 1 / 3 1 / 3 
Max. Clock Frequency (MHz) 390,076 390,076 390,076 359,475 
(*) More than 100% of Device resources are used  

Table. 3 The chip statistics of PC chaotic system designed with different numerical algorithms in 32 bit IEEE 754-1985 
floating point number format on FPGA. 

 

V. CONCLUSION 

 
In this study, the design of 3D PC chaotic system has been realized using 4 different numerical algorithms in VHDL 
with 32 bit IQ-Math fixed point number format (16I-16Q) on FPGA. The implemented 4 different chaotic oscillator 
have been synthesized and tested. The maximum operating frequency of the designed chaotic oscillators has been 
obtained as 464,688 MHz. Besides, the chip utilization statistics of PC chaotic system designed in fixed point number 
format and the chip utilization statistics of the same system designed in floating point number format have been 
compared. It is observed that the PC chaotic system designed in fixed point number format on FPGA has better results 
than the PC chaotic system designed in floating point number format on FPGA. Embedded chaos based engineering 
applications including cryptography, secure communication and random number generators can be performed with 
even low cost and high speed using PC chaotic oscillator that designed in fixed point number format on FPGA. In 
future, various applications like chaos-based synchronization, data encryption and random number generation can be 
realized using the discrete time PC chaotic oscillator in IQ-Math fixed point number format on FPGA. 
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