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ABSTRACT: In this paper, the design of the fourth order Runge-Kutta (RK4) algorithm has been performed using 32-

bit IQ-Math (16I-16Q) fixed point number format in VHDL on FPGA. The designed system has been implemented into 

3-B Jerk chaotic system. The design has been synthesized in Xilinx ISE Design Tools 14.7 programmer and it has been 

implemented in Xilinx Virtex–6 FPGA chip.The performance analyses have been carried out by evaluating the 

maximum operating frequencies and chip statistics that obtained from Place&Route process of FPGA-based designs. 

The comparative analyses between RK4 numeric-based Jerk chaotic system designed in fixed point number format on 

FPGA and ANN-based Jerk chaotic system on FPGA existing in literature have been performed. Accordingly, it has 

been observed that the numeric-based Jerk chaotic oscillator has not only greater operating frequency but also lower 

chip resource ratio. In future, chaos based various engineering applications can be carried out utilizing the Jerk chaotic 

system model implemented in FPGA-based fixed point number format. 

 

KEYWORDS: RK4 Algorithm, IQ-Math number standard, FPGA, Artificial Neural Networks, VHDL. 

 
I. INTRODUCTION 

 
The chaotic systems have sensitive dependence on initial conditions, irregular looking and they arise in deterministic 

nonlinear time-varying systems. When the definition of chaos is investigated, it has been observed that it has a system 

that has sensitive dependence on initial conditions exponentially and deterministic behavior, is nonlinear, a periodic 

dynamical systems in long term [1]. On the other hand the short definition is that it is a science branch enabling the 

explanation of nonlinear phenomena and being described as the organization of irregularity. Additionally, it is a 

progress having its own organization. Especially, one of the remarkable points is that chaos is not randomness. One of 

the most complex steady state behavior known in dynamical systems is chaos  [2]. Chaos related studies are some part 

of the theory of nonlinear dynamical systems. Since chaotic systems have interesting dynamical properties despite 

having in complex circuit structures, the attraction related to different application areas of chaotic systems have been 

increasing, in recent years [3–5].Artificial Neural Networks (ANN), biomedical, communication, optic electronics and 

electromagnetic, image processing, fuzzy logic, power electronics, optimization, robot control and mechatronics can be 

exemplified for these application areas [6–12]. Due to different features of chaotic signals, these systems have been 

used in electric-electronic engineering field in the areas of  cryptography [13] for data security, composing chaos-based 

secure communication mechanisms [14], chaotic noise generators [15], chaos-based encryption [16] and chaotic 

random number generators [17,18]. 

 

From the viewpoint of increasing and extension of chaos-based engineering applications, it is need to diversify, make 

more flexible and functional of presented chaotic circuit models. The application of new circuit technics using FPGA 

(Field Programmable Gate Array) in flexible electronic circuit design makes the applications used in these models more 

flexible and useful [19,20]. FPGA-based chaotic circuit models are extremely convenient with respect to 

programmability and re-configurability [21,22]. Because the signal generation in different mode with respect to 
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parameter variations in chaotic systems and the implementation of such systems with different nonlinear functions 

alternatively are possible so the chaotic circuit models having these features can be designed in programmable and 

reconfigurable manner without hardware complexity [23]. The studies related to digital FPGA-based modeling of 

chaotic oscillators have been paid attention in literature [24–26]. 

 

In recent years, different studies in many field have been performed using hardware-based ANN [27]. ANN can be 

modeled in two ways namely, hardware-based and software-based. Two different transfer functions namely, linear and 

nonlinear have been used. Nonlinear transfer functions include exponential operations, for this reason the hardware 

implementation of nonlinear transfer functions are quite difficult. Different structures like ASIC (Application Specific 

Integrated Circuits), DSP (Digital Signal Processor), CNN (Cellular Neural Network) and FPGA chips have been used 

in the hardware implementation of ANNs [28–31]. Real time ANN-based chaotic oscillator designs have been carried 

out due to the features of FPGA like reprogrammability, high hardware capacity [32] and paralell processing [11,33–

35]. 

 

In this paper, firstly 3-B Jerk chaotic system has been coded in 32-bit IQ-Math (16I-16Q) fixed point number format 

with VHDL using the fourth order Runge-Kutta (RK4) algorithm on FPGA. The designed 3-B Jerk chaotic system has 

been tested using Xilinx ISE 14.7 design tools and synthesized for Virtex-6 FPGA chip. For this reason, in the second 

part of the study, the mathematical model of Jerk chaotic system and the phase portraits obtained from this numerical 

model have been given. In the third part of the study, the RK4-based model of Jerk chaotic system has been presented 

in IQ-Math fixed point number format on FPGA. It is purposed to design and implement the Jerk chaotic system as 

hardware in a simpler, faster and more effective way through fixed point number design on FPGA [36].  In the last part, 

the test results and chip statistics obtained from this study have been compared and evaluated with a different study that 

presents the same chaotic system designed using ANN structure in 32-bit IEEE 754-1985 floating point number 

standart on FPGA. 

 
II. JERK CHAOTIC OSCILLATOR AND ITS DISCRETIZED MODEL  

 
A) Mathematical model of Jerk chaotic system  

 

Chaotic systems can be divided into two parts namely, discrete and continuous time. The logistic map can be given as an 

example of discrete time chaotic systems. Continuous time chaotic systems is described with differential equations [37]. 

There exist many chaotic systems having different features and being carried out many studies using these chaotic 

systems, therefore new chaotic systems have been presented to the literature day by day. The differential equations of 3-

B Jerk chaotic system have been given in Eq. 1 [38]. 

 

2 2

1 2

2 3

3 1 2 3 1 2

x x

x x

x x x x x x 





      

         (1) 

 

In the given differential equation α and β are the system parameters and they are defined as α=7.5 and β=4 in Eq. 1. 

Besides, x1(0)=0.2, x2(0)=0.6 and x3(0)=0.4 are the initial conditions. When  a continuous time nonlinear contains one 

nonlinear term and two variables at least, this dynamic system can demonstrate chaotic features. If this nonlinear 

system meets these requirements, chaotic analyses can be carried out for this system. However these requirements do 

not need to be met in discrete time chaotic systems. Various methods including the investigating the system’s phase 

portraits, analyzing the time series, Poincare mapping, power spectrum, bifurcation diagram and Lyapunov exponents 

spectrum have been developed for chaotic analyzing a system. 3-B Jerk chaotic system that is presented in this paper 

has been modeled numerically using RK4 algorithm. Fig 1 illustrates x1-x2, x1-x3, x2-x3 phase portraits of 3-B Jerk 

system and time series of x1, x2, and x3 state variables. The designed chaotic Jerk oscillator has 7 terms and 2 

parameters. 
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Fig 1.x1-x2,  x1-x3, x2-x3phase portraits of  3-B Jerk system and time series of x1-x2-x3 state variables  

 

B) The discretized model of Jerk chaotic oscillator  

 

In this part, the discretized model of RK4 numeric algorithm has been obtained to be used for chaotic Jerk oscillator on 

FPGA and then all processes have been carried out with respect to this step. The initial values x1(i), x2(i) and x3(i) 

have been defined as x1(i)=0.2, x2(i)=0.6 and x3(i)=0.4. Eq. 3 and Eq. 4 present the discretized mathematical model of 

chaotic Jerk oscillator using RK4 numeric algorithm with respect to f1, f2 and f3 functions in Eq. 2. In these equations, 

қ1, қ2, қ3 and қ4 parameters indicate the coefficients related to first equation of chaotic system; λ1, λ2, λ3 and λ4 

parameters show the coefficients related to second equation of chaotic system; ξ1, ξ2, ξ3 and ξ4 parameters give the 

coefficients related to third equation of chaotic system. After the increment of the step size (Δh), the next values of 

x1(i), x2(i) and x3(i) (x1(i+1), x2(i+1) and x3(i+1)) have been calculated by replacing these coefficients in RK4 

algorithm. At the end of each iteration, the output values of the system, x1(i+1), x2(i+1) and x3(i+1) have been utilized 

as not only outputs but also the initial conditions of the algorithm for the next iteration. 
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C) The design of numeric-based Jerk oscillator on FPGA  

 

In this step, Jerk chaotic system has been modeled using RK4 numerical algorithm with 32 bit IQ-Math fixed point 

number format (16I-16Q) in FPGA and has been coded in VHDL as a hardware definition language. The designed unit 

has been synthesized for VIRTEX-6 chip VC6VLX240T tool FF1156 package and tested. The multiplier, adder and 

subtractor units, that are suitable with fixed point number standard and have been utilized in the performed designs, 

have been created using IP CORE Generator which is developed with Xilinx ISE Design. The top level block diagram 

of RK4-based chaotic Jerk oscillator designed on FPGA is given in Fig 2. Start and Clk are one bit signals that have 

been located in the inputs of the units. They are responsible for timing the sub-units inside the units and maintaining the 

synchronization between the units and their connected system. Δh which identifies the precision of the algorithm, states 

the step size parameter. The initial values (x1(0), x2(0), x3(0)) and the step size (Δh) have been applied from the 

outside of the implementation to maintain more flexible design. The initial values are needed for the system startup. On 

the other hand, the system parameters of the chaotic system have been integrated into the implementation by defining 

32 bit numeric values so as to decrease FPGA chip source consumption. The designed RK4-based chaotic oscillator 

include three 32-bit output signals, namely X1_out, X2_out and X3_outand one bit Ready signal for illustrating the 

output signals are ready. 
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Fig 2. The top level block diagram of FPGA-based chaotic Jerk oscillator unit.  

 

Fig 3 presents the second top level block diagram of chaotic Jerk unit. The second top level block diagram of the 

system contains MuxUnit, Chaotic Jerk Unit and Filter Unit. The purpose of using Mux Unit in the design is to enable 

taking the initial condition values from x10, x20 and x30 signals which are the initial condition values assigned by the 

user in fixed point number format when the system is at startup and to enable taking these values from Filter Unit at 

any step thereafter. Filter Unit has been used for hinder chaotic oscillator producing the unwanted signals, stated in 

other words it has been used for filtering. As the chaotic system produces result, Ready signal takes the value of ‘1’ 

otherwise Ready signal produces ‘0’. In this way, while the system produces the first results, Readysignal takes the 

value of ‘1’ , transmits this signal to Mux Unit and permits Mux Unit utilizing the produced values of chaotic system on 

behalf of utilizing the initial values devoted by the user. 

 

 
 

Fig 3. The second top level block diagram of FPGA-based chaotic Jerk unit.  

 

The RK4-based chaotic Jerk chaotic oscillator includes 7 unit namely Mux, k1, k2, k3, k4, ys and Filter Units. The k1, k2, 

k3 and k4 units compute қσ, ξσ and  λσ values in the discreted model of the system for σ=1…4. The x1(i+1), x2(i+1) and 

x3(i+1)values shown in Eq. 3 in RK4 algorithm are computed in ys unit. A Filter unit has been utilized for avoiding 

undesired signals which are arriving to the output while the chaotic oscillator has not generated any result. Thus and so 

the whole undesired signals are filtered and thereby only the desired signals have been sent to the output. The signals 
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obtained from the Filter unit present not only the signal outputs of the system (X1_out, X2_out and X3_out) but also the 

new initial conditions that is going to be sent to Mux unit for the calculation of the next algorithm. The unit runs in 

pipelined manner and chaotic oscillator generates the first outputs after 137 clock cycles. 

 
III. EXPERIMENTAL RESULTS 

 
A) The comparison of chaotic Jerk oscillator on FPGA and ANN-based design  

 

RK4-based Jerk oscillator unit has been synthesized for Xilinx Virtex–6 family VC6VLX240T chip and the statistics of 

parameters related to clock frequencies of units and FPGA chip resource utilization have been examined. The data 

processing time of designed embedded chaotic oscillator units have been obtained using Xilinx ISE Design Tools 14.2 

simulation program. Here, the time series values of X1_out, X2_out and X3_out signals, which correspond to “x1”, “x2” 

and “x3” signals in chaotic oscillator unit obtained from FPGA implementation using ISE Design Tools, have been 

illustrated in 32 bit fixed point number format. The results of RK4-based Jerk chaotic system designed on FPGA in 

fixed point number format and obtained from Xilinx ISE simulator have been given in Fig. 4.  

 

 
 

Fig 4. The Xilinx ISE simulator results of RK4-based Jerk chaotic oscillator unit. 

 

Table 1 presents the chip statistics of Xilinx Virtex-6 VC6VLX240T-1ff1156 obtained from synthesizing process of 

Jerk chaotic oscillator designed on FPGA with respect to not only RK4-based 32 bit IQ-Math fixed point number 

format but also ANN-based floating point number format. As can be observed from the chip statistics, maximum 

operating frequency of RK4-based chaotic Jerk oscillator on FPGA reaches 373,128 MHz and chip utilization ratio is 

under %15. The chip statistics of ANN-based Jerk chaotic system have been given in 32 bit IEEE 754-1985 floating 

point number format on FPGA in 2018 by Koyuncu et al [38]. The maximum operating frequency of ANN-based Jerk 

oscillator unit on FPGA reaches 231,616 MHz. Besides, chip utilization ratio is greater than %30. Accordingly, it has 

been observed that the RK4-based Jerk chaotic system has not only greater operating frequency but also lower chip 

resource ratio than ANN-based Jerk chaotic system. 

 

Table1. FPGA chip statistics of RK4-based and ANN-based Jerk system. 

Device Utilization Summary 

(estimated values) 

  RK4-Based Jerk chaotic system ANN-Based Jerk chaotic system 

Used / Utilization (%) 

Number of Slice Registers   5455 / 1 96264 / 31 

Number of Slice LUTs   4828 / 3 88672 / 58 

Number of fully used LUT-FF pairs   3736 / 57 5985 / 91 

Number of bonded IOBs   195 / 32 195 /27 

Number of BUFG/BUFGCTRLs   1 / 3 1 / 3 

Number of DSP48E1s   136 / 32 8 / 1 

Max. Clock Frequency (MHz)   373,128 231,616 
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IV. CONCLUSION 

 

In this study, the implementation of 3-B Jerk chaotic system has been carried out using RK4 numerical algorithm in 

VHDL 32-bit IQ-Math (16I-16Q) fixed point number format on FPGA. RK4-based chaotic Jerk oscillator has been 

synthesized and tested for Xilinx Virtex-6 FPGA chip and the maximum operating frequency of the designed chaotic 

oscillator has been measured as 373,128 MHz. Then, the chip utilization statistics of ANN-based Jerk chaotic system 

has been compared with the chip utilization statistics of numerical-based Jerk chaotic system in fixed point number 

format. Accordingly, it has been understood that the numeric RK4-based chaotic Jerk system in fixed point number 

format has not only greater operating frequency but also lower chip resource ratio. Embedded chaos based engineering 

applications, including synchronization, data encryption, chaos-based secure communication and true random number 

generators with a lower cost and faster can be performed using the Jerk chaotic oscillator designed with 32 bit IQ-Math 

fixed point number format-based RK4 numerical algorithm in FPGA and presented to literature. 
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