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This paper presents a new analytical process damping model (PDM) and calculation of
Process Damping Ratios (PDR) for chatter vibration for low cutting speeds in turning oper-
ations. In this study a two degree of freedom complex dynamic model of turning with
orthogonal cutting system is considered. The complex dynamic system consists of dynamic
cutting system force model which is based on the shear angle (u) oscillations and the pen-
etration forces which are caused by the tool flank contact with the wavy surface. Depend-
ing on PDR, the dynamic equations of the cutting system are described by a new
mathematical model. Variation and quantity of PDR are predicted by reverse running ana-
lytical calculation procedure of traditional Stability Lobe Diagrams (SLD). Developed math-
ematical model is performed theoretically for turning operations in this study and
simulation results are verified experimentally by cutting tests.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

One of the most detrimental phenomena to productivity
in metal turning operations is unstable cutting or chatter.
Chatter can greatly reduce the life of tooling, dimensional
accuracy, and the quality of a part’s surface finish. Ideally,
cutting conditions are chosen such that material removal
is performed in a stable manner. Machine tool chatter
vibrations result from a self-excitation mechanism in the
generation of chip thickness during machining operations.
One of the structural modes of the machine tool-workpiece
system is excited by cutting forces initially. A wavy surface
finish left during the previous revolution in turning, or by a
previous tooth in milling, is removed during the succeeding
revolution or tooth period, which also leaves a wavy surface
owing to structural vibrations. Chatter is not desired, and it
is formed independently from the machine tool and the
outside environment. This self-excited type vibration
occurs in metal cutting if the chip width is too large respect
. All rights reserved.
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to the dynamic stiffness of the system. Under such condi-
tions these vibrations start and quickly grow. The cutting
force becomes periodically variable, reaching considerable
amplitudes, and chip thickness varies in the extreme so
much that it becomes dissected [1]. According to the liter-
ature, until today in the theoretical and experimental stud-
ies, process damping occurs due to penetration of the tool
in the low cutting speeds. But, magnitude of the PDR and
its effects to stability have not been studied. In these stud-
ies, the modeling of the cutting system is performed due to
the acceptance of the fact that shear tool bit is constituted
as a result of penetration to the rough surface of the piece.
Penetration force and variations of cutting force that occurs
from penetration into wavy workpiece surface of the tool
have been studied [2–5]. Also, variable cutting force which
occurs from shear angle (u) variation because of oscillation
of tool has been studied [6–9]. Comprehensive modeling of
the dynamic cutting forces and, its effects in the chatter
vibration have been studied [10–15] where dynamic cut-
ting coefficients are obtained.

According to Tlusty [16], process damping force occurs
in a section between tool cutting edge and wavy surface
during the dynamic cutting. However, as it’s not linear,
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the modeling of the process is still arduous and the basic
subject matter has not fully been comprehended though
it is recognized why and how this force is produced. This
is because fundamental aspects of this nonlinear process
damping force are not fully understood. In spite of various
investigations, a mathematical model is not still developed
to define the relationship between clearance angle and pro-
cess damping force. Furthermore, the mathematical equa-
tion used to describe this relationship has not yet been
fully clarified. According to Lee et al. [5], the assumption
that the process damping force is inversely proportional
to the instantaneous clearance angle is over simplified. In
addition to this, effects to structural damping of the PDR
which occurs low and average cutting speeds have not been
understood clearly because of realizing exactly why and
how they are formed. But, damping modeling is necessary
for the prediction of stability. Another point to be indicated
here is that process damping is important also for the aver-
age cutting speeds depending on the vibration frequency,
though it is generally seen with low speeds. Particularly,
process damping which occurs from penetration into wavy
surface of the tool is inversely proportional to wavelength
(Lw). If the wavelength (Lw) is ratio to the chatter frequency
(xc) of the cutting speed (Vc), process damping can occur
for slightly higher cutting speeds (Vc) in spite of high chat-
ter frequencies (xc). In high speed machining, stability
lobes where higher stable depth of cuts are available can
be utilized whereas, in low speed cutting, the process
damping may have significant affect on stability. It is well
known that higher stable cutting depths can be achieved
under the effect of process damping. This can be important
for increased productivity as low cutting speeds have to be
used in many applications due to speed limitations on the
machine, or for low machinability materials, such as tita-
nium and nickel alloys which are commonly used in aero-
space industry.

In this paper, a complex dynamic system is modeled
prior to the orthogonal cutting, which forms a mechanical
cutting basis for all cutting processes in general. This
dynamic system is used for turning. In order to determine
Fig. 1. Dynamic cu
the increased values of the damping ratio, model analysis
and chatter stability tests were performed for different
materials, tool length and spindle speed. In this study,
the influence of the cutting tool materials on our model
is not considered. Because, according to the literature,
the influence of the cutting tool materials is not important
to determine Process Damping Ratios (PDR). Nevertheless,
chatter stability at low cutting speeds, where the contact
between the flank face of the tool and undulations left on
the surface produces an additional damping effect, has
not been fully modeled yet. Finally, the verification of
developed dynamic cutting model is done not only for
the shear angle oscillation coefficient, but also for the spe-
cific cutting resistance of workpiece in penetration. Fur-
thermore, the most effective factors in the process
damping are provided in [17].
2. Process damping model

In this section, process damping model (PDM) is mod-
eled as dynamic orthogonal cutting process with the pro-
cess damping force. According to constant the shear
stress (ss) of workpiece material for various cutting speeds
and feed ratios and the shear angle (u) oscillations Static
and Dynamic Cutting Force Coefficients (DCFC) are
obtained by using the dynamic cutting force model. The
constitution of DCFC is achieved through the research of
how cutting mechanics and cutting forces alter under var-
ious cutting conditions. By employing the stability dia-
grams, the values of the total process damping
corresponding to the stable cutting depth are calculated.
The proportions of calculated PDR values due to the shear
angle oscillations and the penetration forces which are
caused by the tool flank contact with the wavy surface
are determined. The prediction of maximum stable cutting
depth requires knowledge of dynamic cutting coefficients
characterizing relations between the dynamic cutting force
and tool-workpiece vibration. The experimental determi-
nation of the DCFC requires sophisticated and expensive
tting model.
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equipment used only in research laboratories. DCFC can
also be obtained from steady-state cutting experiments
in analytical modeling [9,13,14]. However, the experimen-
tal determination of DCFC requires considerable effort be-
cause of their dependence on the machining conditions
[8,13]. In this study, a dynamic cutting model is developed
similar to Kim & Lee [13] and Türkes [17]. This model con-
sists of tool penetration effect and oscillation of tool effect
as shown in Fig. 1.

2.1. Oscillation of cutting tool and establishing of DCFC

According to Fig. 1, without considering the penetra-
tion, the equations of motion of cutting tool in (x) and (y)
directions are:

mx€xðtÞ þ cx _xðtÞ þ kxxðtÞ ¼ FðtÞ sinðbn þ dÞ
my€yðtÞ þ cy _yðtÞ þ kyyðtÞ ¼ FðtÞ cosðbn þ dÞ

ð1Þ

where mx and my are the mass coefficients (kg), cx and cy

are the structural damping coefficients (kg/s), kx and ky

are the stiffness coefficients (N/m). Dynamic force (F(t)
[N]) can be represented by:

FðtÞ ¼ aKf hðtÞ ð2Þ

where Kf is the feed force constant (N/m2), and instanta-
neous dynamic chip thickness (h(t)) and dynamic chip
thickness (h0(t)) are:

hðtÞ ¼ h0ðtÞ þ jPEjd! h0ðtÞ ¼ h0 þ xðt � sÞ � xðtÞ ð3Þ

where (h0) is undeformed chip thickness (m), (x(t)) and
(x(t � s)) are modulations of the cut and outer work sur-
face (m), (d) is the instantaneous work surface slope gener-
ated by the tool oscillation being given by:

hðtÞ ¼ h0 þ xðt � sÞ � xðtÞ þ cotðuÞh0 d! d

¼ tan�1 _x
V0 þ _y

� �
ð4Þ

where (V0) is the cutting speed of static cutting (m/s)
and ð _x; _yÞ are the vibration velocities (m/s) in each direc-
tion. For any given work and tool materials, it is always
possible to establish an empirical relation between the
shear angle (u) and the mean friction coefficient (la)
through experimentation. A general form of the angle
relationship [13,17,18] for machining steel is given by
Wu & Liu [10]:

2u0 þ bs0 � a0 ¼ C ð5Þ

It is assumed that this relation between the shear angle (u)
and the friction angle (bs) is invariant in dynamic cutting.
Thus it can be represented by:

2uþ bs � a ¼ C ð6Þ

where (C) is the material constant which is insensitive to
the machining conditions. Also, (0) sub-indexes in Eq. (5)
are represented to static conditions. The relationship be-
tween the dynamic shear angle (u) and relative cutting
speed ðV ¼ V0 þ _yÞ can be represented by following
equation:

u ¼ u0 þ gv _y! u0 ¼ u01 þ gvV0 ð7Þ
where (gv) and (u01) are cutting constants for a given feed
rate and tool rake angle. u0 is the average cutting angle ac-
quired by V0 cutting speeds of the test procedure above
and by being applied for improvement rates. gv is an
improvement rate of an obvious cutting speed and dy-
namic cutting constant that changes according to the tool
chip angle, while _y is the speed of the tool in the direction
of y. u01 is an improvement rate of an obvious cutting
speed and dynamic cutting constant that changes accord-
ing to the tool chip angle. The gv and u01 constants of in
these equations are calculated according to the principal
of keeping the workpiece constant for various cutting
speeds of the cutting tension and the improvement rates,
by cutting tests. Writing the following formulas;

gv ¼
ðu0 �u01Þ

V0
! sinu01 ¼

ah01ss

Fs01
ð8Þ

u01 and gv dynamic cutting constants are calculated. Mak-
ing use of these formulas, the difference caused by the
oscillation of u, which is a theoretical and experimental
cutting angle, is calculated. If this difference is substituted
into the dynamic cutting model, dynamic resultant cutting
force (F [N]) can be represented by:

F ¼ Fs

cosðuþ bn þ dÞ ¼
ssals

cosðuþ bn þ dÞ ! ls

¼ hðtÞ
sinðuþ dÞ ð9Þ

where (ls) is instantaneous shear plane length (m), (ss) is
the shear stress of workpiece (N/m2). Hence, dynamic cut-
ting forces in both directions can be represented by:

Fx ¼ F sinðbn þ dÞ; Fy ¼ F cosðbn þ dÞ ð10Þ

Substituting Eqs. (6) and (7) into (10), and neglecting high-
er order terms of (d) and ðgv _yÞ the following equations are
obtained [17],

Fx ¼ ssaksxðh0 � xþ xðt � sÞ þ kdx _x� kvx _yÞ
Fy ¼ ssaksyðh0 � xþ xðt � sÞ þ kdy _x� kvy _yÞ

ð11Þ

where

ksx ¼
sinðC � 2/0Þ

sin /0 cosðC � /0Þ

ksy ¼
cosðC � 2/0Þ

sin /0 cosðC � /0Þ

ð12Þ

kdx ¼
h0

V0

cosð/0Þ cosðC � /0Þ � cosðCÞ
sinð/0Þ cosðC � /0Þ

þ cosðC � 2/0Þ
sinðC � 2/0Þ

� �

kdy ¼
h0

V0

cosð/0Þ cosðC � /0Þ � cosðCÞ
sinð/0Þ cosðC � /0Þ

þ sinðC � 2/0Þ
cosðC � 2/0Þ

� �

ð13Þ

kvx ¼ h0gv
cosðC � 2/0Þ

sinð/0Þ cosðC � /0Þ
þ 2 cosðC � 2/0Þ

sinðC � 2/0Þ

� �

kvy ¼ h0gv
cosðC � 2/0Þ

sinð/0Þ cosðC � /0Þ
þ 2 sinðC � 2/0Þ

cosðC � 2/0Þ

� � ð14Þ

Thus the dynamic cutting force components have been ex-
pressed analytically by the static cutting coefficients ksx; ksy

and the dynamic cutting coefficients kdx; kdy and kvx; kvy
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which can be determined from static cutting tests. If DCFC
used to the turning operations, PDM can be expressed as
follows (1);

mx€xðtÞþ cx _xðtÞþ kxxðtÞ ¼�ssaksxðh0� xþ xðt�sÞþ kdx _x� kvx _yÞ
my€yðtÞþ cy _yðtÞþ kyyðtÞ ¼�ssaksyðh0� xþ xðt�sÞþ kdy _x� kvy _yÞ

ð15Þ

Stability analysis of cutting system can be done by taking
the Laplace transform and determinant of Eq. (15).
Hence, the tangential cutting force coefficient (Kt [N/
m2]) and the feed force coefficient (Kf [N/m2]) are defined
as Türkes [17],

Kf ¼ ssksx; Kt ¼ ssksy ð16Þ

Thus, Eq. (15) are rewritten as follows;

mx€xðtÞ þ cesx _xðtÞ þ kxxðtÞ þ cvy _yðtÞ ¼ FesxðxðtÞ � xðt � sÞÞ
my€yðtÞ þ cesy _yðtÞ þ kyyðtÞ þ cdy _xðtÞ ¼ FesyðxðtÞ � xðt � sÞÞ

ð17Þ

where

cesx ¼ cx þ aKf kdx; cvy ¼ �aKf kvx; Fesx ¼ �aKf

cesy ¼ cy � aKtkvy; cdy ¼ aKtkdy; Fesy ¼ �aKt
Fig. 2. Penetration model of cutting tool.
2.2. Penetration of cutting tool

The process damping occurs further due to penetration
of the tool into the wavy workpiece surface. A ploughing
force model has been proposed to describe the contact
relationship between tool flank and machined surface.
Based on this ploughing force analysis, a small volume of
workpiece material is pressed by the tool during wave cut-
ting. In the meantime, a resistance force is generated by
the stress field inside of the displaced workpiece material.
It is therefore reasonable to assume that the process damp-
ing force is equal to resistance force. The resistance force
has been proven to be proportional to the volume of the
displaced workpiece material [5,16]. Hence, the equations
of motion in the (x) and (y) directions are written as
follows:

mx€xðtÞ þ cx _xðtÞ þ kxxðtÞ ¼ FðtÞ sinðbn þ dÞ ¼ �FxTopðtÞ
my€yðtÞ þ cy _yðtÞ þ kyyðtÞ ¼ FðtÞ cosðbn þ dÞ ¼ �FyTopðtÞ

ð18Þ

total dynamic forces in both directions are written as
follows:

FxTopðtÞ ¼ �ðFxðtÞ þ fcxðtÞÞ
FyTopðtÞ ¼ �ðFyðtÞ þ fcyðtÞÞ

ð19Þ

where fcx(t) and fcy(t) are resistance force components in
the (x) and (y) directions (N) and they can be expressed as:

fcxðtÞ ¼ cpx _xðtÞ; f cyðtÞ ¼ cpy _yðtÞ ð20Þ

Hence, the equations of motion in the (x) and (y) directions
are written as:

mx€xðtÞ þ ctpx _xðtÞ þ kxxðtÞ ¼ �FxðtÞ
my€yðtÞ þ ctpy _yðtÞ þ kyyðtÞ ¼ �FyðtÞ

ð21Þ
where (ctpx) and (ctpy) are the total penetration damping
coefficients (kg/s) and they are defined as

ctpx ¼ cx þ cpx; ctpy ¼ cy þ cpy ð22Þ

Hence, due to tool penetration effect and oscillation of tool
effect (21) equations are written as,

mx€xðtÞ þ ctsx _xðtÞ þ kxxðtÞ þ cvy _yðtÞ ¼ FesxðxðtÞ � xðt � sÞÞ
my€yðtÞ þ ctsy _yðtÞ þ kyyðtÞ þ cdy _xðtÞ ¼ FesyðxðtÞ � xðt � sÞÞ

ð23Þ

where (ctsx) and (ctsy) are total damping coefficients in the
both directions, and written as

ctsx ¼ ctx þ aKf kdx; ctsy ¼ cty � aKtkvy; cvy ¼ �aKf kvx; cdy

¼ aKtkdy; Fesx ¼ �aKf ; Fesy ¼ �aKt

For calculation of the (cpx) and (cpy), to properly calcu-
late the volume of the workpiece material pressed by the
tool, the displaced volume is sliced into many segments
as in Fig. 2 [5]. Where (n), is the number of segments, (c)
is the tool clearance angle, (a0) is the chip flow angle, (A)
is the total displaced area of work material (m2), (Ak) is
the k th displaced segment area which can be calculated
as:

Ak ¼
Dxi�k þ Dxi�k�1

2

� �
Dyk; Vh ¼ aAk ¼ a

Xn

k¼1

Ak ð24Þ

and where

Dxi�k ¼ ðxi�k � xiÞ � kDxk tan c; Dxi�k�1

¼ ðxi�k�1 � xiÞ � ðkþ 1ÞDxk tan c ð25Þ

The resistance force components fcx(t) and fcy(t) in the (x)
and (y) directions can be expressed as [5,17];

fcx ¼ fspVh; f cy ¼ fcxlc ð26Þ

where (fsp) is the specific resistance (N/m3), (Vh) is the vol-
ume of the ploughing to wavy surface of cutting tool (m3),
(lc) is the mean friction coefficient. Hence, stability analy-
sis of the cutting system can be predicted by the Eq. (26).
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This prediction is achieved by running to start from end of
the conventional stability analysis procedure [17].
3. Obtaining total process damping ratios

Model analysis of the cutting system is performed by
impact force hammer set and CutPro 8 software. Material
of workpiece is AISI-1010 (Kf = 1 � 10+9 N/m2), cross-sec-
tion dimensions of cutting tool are (20 � 20) mm and at-
tach length of tool is L = 70; 90; 110 mm. Chatter
frequencies (xc [Hz]) in Table 1 have been obtained by
LabView 7.1 software with cutting tests. Experimental
model analysis of cutting system has been performed by
measurement of transfer functions using a hammer instru-
ment with a force transducer and an accelerometer at-
tached to machine tool structure. Where, we have used
an accelerometer with measurement range ± 50 g, sensi-
tive 104.3 mV/g, resonant frequency 40.0 kHz and an im-
pact force hammer with force range 0–500 N, sensitive
10 mV/N impulse. As an example, the results of modal
analysis for the attach length of cutting tool L = 70 mm
are given in Fig. 3. This figure is transfer function diagram
of dynamic cutting system with L = 70 mm. In Fig. 3, the
second mode is dominant mode of cutting system.

In order to determine the increased values of the damp-
ing ratio, modal analysis and chatter stability tests were
performed for different materials, tool length and spindle
speed. By employing the stability diagrams, the values of
the total process damping corresponding to the stable
depth of cuts are calculated. Stable critical axial cutting
depths (alim [mm]) were determined by gradually increas-
ing axial cutting depths during the dynamic cutting tests.
At the same time, chatter frequency (xc) of the cutting sys-
Fig. 3. Transfer function diagram of dynamic cutting system with
L = 70 mm.

Table 1
Outputs of the impact hammer and microphone tests.

Tool
length, L
(mm)

Natural
frequency,
xn (Hz)

Stiffness,
k (N/m)

Damping
ratio, f (%)

Chatter
frequency,
xc (Hz)

70 1644 2.24 � 107 2.56 � 10�2 1680
90 1055 8.39 � 106 2.67 � 10�2 1040

110 801.3 4.76 � 106 1.36 � 10�2 880
tem was determined by microphone test. Hence, chatter
frequency is determined by voice frequency of the cutting
system, which is a process with LabView 7.1 software [17].

Where (L [mm]) is the attach length of cutting tool, (f
[%]) is the damping ratio, (xn [Hz]) is the natural fre-
quency, (k [N/m]) is the stiffness coefficient. The critical ax-
ial depth of cut (alim [mm]) in Table 2 has been determined
by the gradual increase of the axial cut depth and by per-
form of the cutting tests with low cutting speeds or low
spindle speeds (n [rpm]). Feed rate in cutting tests is
s = 0.06 mm/rev and constant.

The total damping ratio (fT [%]) of the cutting system
can be expressed as:

fT ¼ fstr: þ fsu þ fsp ð29Þ

where (fstr.) is the structure damping ratio, (fsu) occurs
from the shear angle variation, (fsp) occurs from penetra-
tion to wave surface of the tool. Determination of the total
damping ratios in the different spindle speeds and critical
axial depths of cutting for turning and milling operations
is achieved by running to start from the end of the conven-
tional stability analysis procedure as in [1,19,20]. Hence,

alim ¼
�1

2Kf GminðxÞ
ð30Þ

where (alim) is the stable cutting depth and it is determined
from cutting tests in the low spindle speeds. Therefore,
area which is under the asymptotic curve is stable cutting
area. This case has been showed in Fig. 4a.

Stability Diagrams (SD) in Fig. 4b, Fig. 5a and b is plot-
ted according to values in Tables 2 and 3. The cutting
depths on the lowermost points of curve (alim) in Fig. 4a
are corresponded to real part (Gmin [m/N]) of the transfer
function of cutting system. Each one of the (Gmin) points
can be expressed as:

GiminðxÞ ¼
�1

4kifið1þ fiÞ
ð31Þ

Stable cutting depths that are obtained by cutting tests and
chatter frequency are obtained according to dominant
mode of the cutting system. Therefore, cutting system is
accepted as Single Degree of Freedom (SDOF) and how to
change the system damping ratio can be examined. Where
the dominant mode is in the direction (x) and therefore
damping ratios are estimated by quadratic equation,

f2
x þ fx þ

1
4kxGminðxÞ

¼ 0 ð32Þ

After the determination of the stable cutting depths for dif-
ferent spindle speeds and real part (G [m/N]) of the transfer
function imaginer part (H [m/N]) of the transfer function is
Table 2
Determined (alim [mm]) values by cutting tests.

Tool length, L (mm) Spindle speed, n (rpm)

90 125 180 250 355 500 710

70 7.8 7.4 6.7 6.0 5.3 4.5 3.8
90 6.5 6.0 5.4 5.0 4.5 3.7 3.2

110 5.1 4.7 4.2 3.8 3.5 3.0 2.5



Fig. 4. (a) Cutting depth with stability lobes and (b) SD for L = 70 mm tool
length.

Fig. 5. (a) L = 90 mm and (b) SD for L = 110 mm tool length.

Table 3
PDR (fsT [%]) values for the AISI-1010 material.

Tool length, L (mm) Spindle speed, n (rpm)

90 125 180 250 355 500 710

70 0.1650 0.1600 0.1410 0.1260 0.1100 0.0913 0.0750
90 0.3414 0.3200 0.2910 0.2720 0.2470 0.2100 0.1800

110 0.4600 0.4310 0.3940 0.3633 0.3400 0.3000 0.2554
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obtained by reverse running analytical calculation proce-
dure of traditional SLD. Imaginary part of the cutting sys-
tem is calculated by Eq. (33).

HðxtÞ ¼ GðxtÞ tanðwÞ ð33Þ
4. Conclusions

In this study, a new analytical PDM is developed for the
determination of the PDR. This PDR occurring in low and
middle cutting speeds. This new analytical PDM gives quite
reliable results and it is a fairly easy method. Besides, this
model provides a new approach for the calculation of PDR
problem which has been unsolved for years. These PDR ob-
tained by this model are completely realistic values. Be-
cause, stable alim values which obtained by dynamic
cutting tests are used for the analytical model investigated
here. Hence, results of the analytical PDM and dynamic
cutting tests give the same diagrams or asymptotic curves
as shown in Figs. 4 and 5. The advantage of this PDM than
other models is that it can be used for different cutting
conditions, workpiece materials and tool/tool holder con-
structions. Thus, PDR could be predicted according to cut-
ting conditions, workpiece material and tool/tool holder
properties. Also, if cutting tests performs for enough num-
bers, the prediction ability of the PDR values will be
achieved during the model analysis of cutting system.
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