Ozcan Journal of Inequalities and Applications (2020) 2020:175 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-020-02442-5 a SpringerOpen Journal

RESEARCH Open Access

™

Hermite—Hadamard type inequalities for 2l
m-convex and («, m)-convex functions

Serap Ozcan'”

“Correspondence:
serapozcann@yahoo.com;
serapozcan@klu.edu.tr
'Department of Mathematics,
Faculty of Sciences and Arts,
Kirklareli University, Kirklareli, Turkey

@ Springer

Abstract

In this paper, some new inequalities of the Hermite—Hadamard type for the classes of
functions whose derivatives’ absolute values are m-convex and (¢, m)-convex are
obtained. The results obtained in this work extend and improve the corresponding
ones in the literature. Some applications to special means of real numbers are also
given.
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1 Introduction
Letareal function f be defined on some nonempty interval I of real numbers. The function
f:I— Ris said to be convex if the inequality

fltu+ QA =t) <tf@w) + Q1 -)f(v)

holds for all u,v eI and ¢ € [0, 1].

Convexity in connection with integral inequalities is an interesting research area since
much attention has been given to studying the concept of convexity and its variant forms in
recent years. Some of the most useful inequalities related to the integral mean of a convex
function are Hermite—Hadamard’s inequality, Jensen’s inequality, and Hardy’s inequality
(see [8, 23-25, 31]). Hermite—Hadamard’s inequality provides a necessary and sufficient
condition for a function to be convex. This well-known result of Hermite and Hadamard
is stated as follows:

If f is a convex function on some nonempty interval I of real numbers and [u, v] € I with
u < v, then

f(””)s ! /Vﬂx)dxsfw. W

2 v—u

This double inequality may be regarded as a refinement of the concept of convexity, and
it follows easily from Jensen’s inequality. Recently, a remarkable variety of generalizations
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and extensions have been considered for the concept of convexity, and related Hermite—
Hadamard type integral inequalities have been studied by many researchers (see, for ex-
ample, [1, 2, 6,10, 11, 13, 17, 19, 21, 26, 28, 29, 32, 33] and the references cited therein).

2 Preliminaries
We recall the following well-known results and concepts.

Toader [36] introduced the concept of m-convex functions as follows.

Definition 2.1 ([36]) Let m € [0, 1]. The function f : [0,v] — R is said to be m-convex if

f(tx+ m(1=1)y) < tf (x) + m(1 - 0)f (y)
is satisfied for every x,y € [0,v] and £ € [0, 1].

It can be easily seen that for m = 1, m-convexity reduces to the classical convexity of
functions.

Mihesan [22] defined the concept of (o, 71)-convex functions as follows.

Definition 2.2 ([22]) Let «,m € [0,1]. The function f : [0,v] — R is said to be (o, m)-

convex if

f(tx +m(l - t)y) <t*f(x) + m(l - t"‘)f(y)
is satisfied for every x,y € [0,v] and ¢ € [0, 1].

Obviously, («, m)-convexity reduces to m-convexity for & = 1 and classical convexity for
a=m=1.

For recent results, improvements and generalizations of the concepts of m-convexity
and («, m)-convexity, please refer to the monographs [3-5, 9, 14, 15, 18, 20, 27, 30, 34, 35,
37, 38].

In [7], Dragomir and Agarwal proved the following result connected with the right part
of (1).

Lemma 2.1 ([7]) Letf:I° € R — R be a differentiable function on I° (interior of I) and
w,vel° withu<v. Iff' € L{a,b], then

JI0 L [ pas="3" [ 207 (a0~ o).

Bakula et al. [4] established the following result by using Lemma 2.1 and Holder’s integral

inequality.

Theorem 2.1 Suppose that I is an open real interval such that [0,00) C I, and let 0 < u <
v < 00. Consider the differentiable function f : I — R on I such thatf' € L[u,v]. If |f'|? is an



Ozcan Journal of Inequalities and Applications (2020) 2020:175

m-convex function on [u,v] for some m € (0,1] and q > 1, then

fw)+fv) 1 [
‘ 5 —V_M/uf(x)dx
vou {(V’W)I“mv%ﬁ)lq)% (mW(%WW(v)W)é}
= min , )

Iscan [12] obtained the following integral inequality which gives better results than the
classical Holder integral inequality.

Theorem 2.2 (Holder—Iscan integral inequality) Let f and g be two real functions defined
on [u,v]. If |f|P and |g|? are integrable functions on [u,v] forp>1and 1/p + 1/q =1, then

/lef(x)g(x)|dx§ i{(/uv(v—x)[f(x”pdx);(/uv(v—x)|g(x)|‘1dx)q
+</ (x—u)[f(x)|pdx)p(/ (x—u)’g(x)|qu)q}
5(/ [f(x)|pdx>p<f yg(x){"dx>q.

Iscan [12] proved the following Hermite—Hadamard type inequality by using Lemma 2.1
and the Holder—Iscan integral inequality.

Theorem 2.3 Suppose that f : I° C R — R is a differentiable function on I° and u,v € I°
with u <v. If |f'|1 is a convex function on [u,v], then

f@+fv) 1 7

‘ : _V_M/uf(x)dx

<= {(ZU’/W + lf/(”'q); + (V/(u)|q+2W)|q)é}' )
Ap + 1) 3 ’

In [16], a different representation of the Hélder—Iscan integral inequality was given as
follows.

Theorem 2.4 (Improved power-mean integral inequality) Let f and g be two real func-
tions defined on [u,v]. If |f|, |f||g|? are integrable functions on [u, V] for g > 1, then

/V[f(x)g(x)| dx

v 1—% v %
< ([ w-aola) " ([o-apwlem)a)
v 1—% v é
+(/ (x—u)[f(x)|dx> (/ (x—u)[f(x)||g(x)|qu) }
v 1*%1 v %
5( / Lf(x)|dx> ( [ v(x)||g<x)|"dx) .
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3 Main results
Now we are in a position to establish some new Hermite—Hadamard type inequalities for

the classes of m-convex and («, m)-convex functions.

Theorem 3.1 Suppose that I is an open real interval such that [0,00) C I, and let 0 < u <
v < 0o. Consider the differentiable function f : I — R on I such that f' € L{u,v]. If|f'|1 is an
m-convex function on [u,v] for some m e (0,1) and g > 1, q = ;%1’ then

f(u) +f(v) v—u i 4
’ 5 - u/fx)dx 4(p+1)%()\1+)»2), (3)
where
N {Zlf/(u)|q+mlf’( )I" 2mlf' (5|7 + |f'( V)Iq}
1 = min 3 3 ,
. {Lf/(u)lq+2mtf’(ﬁ)lq m[f’(%)|q+2[f’(v)|q}
Ay = min 3 , 3 .

Proof From Lemma 2.1 and the Hélder—Iscan integral inequality, we have

1 14
- v—u/u fx)dx

_ 1
< Vzuf 11— 26| (tue + (1 - £)v) | dt
0
1

- v;u{(/;l(l_t)|1_2t|pdt>;<[)1(l—t)v/(tu+(1—t)V)|th>q
+</01t|1_2t|”dt);</ £l (tu+ (1 ‘th>l}‘

From m-convexity of |[f'|7 on [u,v] for all £ € [0, 1] we have

‘f (@) +f(v)

1 q
ftV(tu+ )|th=/ tp/<tu+m(1—t)1> dt
0 m
2[f" @) + m|f' (I
p— 6 ’
and analogously
q

1
/OltV’(tu+(1—t)v)|th =/O tV(mt% +(1—t)v)

_ 2mliffGI + Lf/(V)Iq.
- 6

So we can write

/1 tlf (tu+ (1 - t)v)|" dt
0

2[f" )| + m|f' GO 2m|f"( )I"+lf/(V)|q}

6 ’ 6 @

< min{
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Similarly, we have

1
f(l-t)V’(tu+(1-t)v)|th
0

"W + 2m|f (L)|9 (L)1 4 21F (v)]2
Smin{lf(u)l +3le(m)| ,MIf(m)l 3+ ') } )
Taking into account that
1 1
/ b1 -2t)P dt = / (1-1)|1—2¢) dt
0 0
1

- 6
2(p+1) (©)
we deduce from (4), (5), and (6) inequality (3). O

Remark 3.1 Choosing m =1 in inequality (3), we get inequality (2).

Theorem 3.2 Suppose that I is an open real interval such that [0,00) C I, and let 0 < u <
v < 00. Consider the differentiable function f : I — R on I such that f' € L{u,v]. If|f'|1 is an
m-convex function on [u,v] for some m € (0,1) and q > 1, then

1 v _ 1 1
where
. {3lf/(u)|"+MIf’($)|q 3Vﬂlf’(£)|q+lf’(1/)|"}
M1 = min ) )
4 4
. {lf/(u)l"+3MIf/($)lq mtf’(ﬁ)l"+3lf/(1/)lq}
Lo = min 2 s 2 .

Proof Using Lemma 2.1 and an improved power-mean integral inequality, we have

f(u) +f(v) 1 Y
‘ 2 _v—u/uf(x)dx

=

{(/1(1 — )1 - 2¢||f' (tu + (1 - t)v)|th>q
0

v—u
2.47
1 .
0 (/ (1—t)|1—2t|[f/(tu+(1—t)v)|th> }
0

By m-convexity of |f'|7 on [u,v] for all ¢ € [0, 1] we have

! 3I1f (u)|4 (V)14
/t|1—2t|[f’(tu+(1_t)v)‘th§ it + mif )1
0 16
and analogously
3mlf' GO + [ ()]

1
/ t11 =2t |f (tu+ (1 - t)v) | dt <
0 16
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So we obtain

1
/ t11 - 2t||f (tu + (1 - t)v)|" dt

0

Smin{3lf/(u)|"+mtf/ G2 i 3mlf'(;; )I"+Lf/(V)|‘f} ®)
16 16
Similarly, we have
1
/(1—t)|1—2t|[f/(m+(1—t)v)|th
0
< min {lf’(u)l"+3mtf/ G2 i mlf'(; |q+3[f/(v)|q} ©)
16 16

By using inequalities (8), (9) and the fact that fol t|1 - 2t|dt = 7, we get inequality (7). O

1
4

Corollary 3.1 Let the assumptions of Theorem 3.2 be satisfied. If we take m = 1, then in-
equality (7) becomes the following inequality:

f@+fv) 1 (7
‘ 5 _v—u/,;f(x)dx

o) (sv«unuwvw)% . (M)} (10)
8 4 4

Theorem 3.3 Suppose that I is an open real interval such that [0,00) C I, and let 0 < u <
v < 0o. Consider the dtﬁ"erentiablefunctionf :I— Ronl such thatf’ eLlu,v]. If |f |1 isan
(a, m)-convex function on [u,v] for some a,m € (0,1] and q > 1, q = =, then

‘f () +f(v)

1 14
- v—u/u fx)dx

vV—u

_ 1 1
oy )<= (o +ef), (11)

T 4p+1)r

=
Noqim

(of +o

where

o+2 o+2

. {alf’(V)lq+2rnlf/( )I” 2|f"(u)|7 + ma|f' (- )I"}
@1 = min ,

2[f" ()| + ma(a + 3)|[f'GHIT 2m|f' ()7 + af a+3)[f(v)|‘1}

$2= min{ @+ D@+2) ’ @+ D@+2)

Proof Using Lemma 2.1 and the Holder—Iscan integral inequality, we have

f@+fv) 1 7
l 5 —V_u/’;f(x)dx

—u ! 1% ! / q a
{(/0 (1—t)|1—2t|Pdt> </0 1 -9)|f (tu+ 1 -1t))| dt)
1 1 1 1
—oupde) / - qd)q}.
+</0 t11 - 2¢| t) <fo tlf (tu+ (1 -t)v)|" dt
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By («, m)-convexity of |[f'|7 on [u, V] for all £ € [0, 1], we get

/ tlf (tu + (1 - t)v)| dt

< min{ 20 @)l + malf GO 2mlf"GOI + alf (V)1 } (12)
- 2o +2) ’ 2(x +2)
and
1
/ A-9|f (tu+ 1 -t))|"dt
0
[ 21 @) + ma(a + 3)|f' (N 2m|f' (52)17 + el + 3)|f' (V)|
< mm{ m_, m } (13)
2 + 1)(x +2) 2 + 1) +2)

The proof of the first inequality in (11) is completed by the combination of inequalities
(12) and (13). The proof of the second inequality in (11) is completed using the fact

1 ( 1 )%
—<|—=) <1
2 p+1
forp>1. O

Corollary 3.2 Let the assumptions of Theorem 3.3 be satisfied. If we take m = 1, then in-
equality (11) becomes the following inequality:

‘f(u) +f) 1 ff(x)dx

2 vV—u

v—u [ AP @+ alf WIINT (2 @) +ala +3)|f V)] é}
_4(p+1)ll’ ( o+2 ) +< 2+ D +2) ) '

Remark 3.2 Inequality (11) yields the right-hand side of Hermite—Hadamard inequality
(3) fora = 1.

Remark 3.3 Choosing (o, m) = (1,1) in the first part of (11), we get inequality (2).

Theorem 3.4 Suppose that I is an open real interval such that [0,00) C I, and let 0 < u <
v < 00. Consider the differentiable function f : I — R on I such that f' € L{u,v]. If |f'|? is an
(o0, m)-convex function on [u,v] for some o,m € (0,1] and q > 1, then

|f () +/(v) / fx)dx| <

(rl + r%) (14)

where
7= min{/q If )" + micy ‘f’(

T = min{xi‘ If )" + mic; P’(

b (2)
(2

+/<2[f/(V)|q},
+K§lf/(v)|q}

SN

=
=
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such that

1 1 a+1 1
= |a+1+|= , == —k
1 (a+2)(a+3)[a (2) ] amy A

. 1 1 ( 3 1 o ( 1 1 a+l *_1 i
Kl_(a+1)(ot+2)(a+3)|:a_ e )(5) e )(5) } 2=k

Proof Similar to Theorem 3.2 and using («, m)-convexity of |[f'|7, we get the desired re-
sult. O

Remark 3.4 If we take o = 1 in Theorem 3.4, inequality (14) reduces to inequality (7) in
Theorem 3.2.

Remark 3.5 Choosing o =1 and m = 1 in Theorem 3.4, we get inequality (10).

4 Applications to special means
‘We now consider the applications of our results to the following special means for positive
real numbers u and v (u # v).

(1) The arithmetic mean:

A=Ay =22

’

(2) The logarithmic mean:

V—u
L:=Lu,v)= —;
Inv-Inu

(3) The generalized logarithmic mean:
Vn+1 _ un+l

L,:=L,(u,v) = [m

}", n e Z\{~1,0}.

Proposition 4.1 Let u,v € R*, u<v, m € (0,1], and n € Z\{-1,0}. Then, for all g > 1, we
have

|A (u”, V”) - L (u, V)\

<n.
- 8

v—u 3|u|q(n—1) + m|1|q(n—1) 3m|1|q(n—1) + m|v|q(”‘1) %
min u , "
4 4
1

(w2 4 3m|%|q(n—l) m|%|q(n—1) + 32D\ g
+ | min ) .
4 4

If we choose m = 1, we obtain

|A(u",v") = Lii(u, v)|

v—ul [ 3u/1"V 4 |yja-D i |20 4 3|y|atn-D) i
<n + )
8 [( 4 ) < 4 ) }

Page 8 of 10
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Proof The assertions follow from Theorem 3.2 and Corollary 3.1 applied respectively to
the m-convex mapping f(x) =x",x € R, n € Z. O

Proposition 4.2 Let u,v € R*, u <v, a,m € (0,1], and n € Z\{-1,0}. Then, for all g > 1,
we have

|A(u",v") = Lii(u,v)|

1

vV—1u 2|u|q(n—1) + ma|1|q(n—1) 2m| u |q(n—1) + Ol|1/|q(n_1) 7
n——- { (min{ m , m })
Ap +1)7

[ 217 + ma(a + 3)| L1 2] L1901 4 (o0 + 3)|v] 2D i
+ ( min , .
(o +1)(ax +2) (¢ +1)(a +2)

<

o+2 o+2

If we choose m = 1, we obtain

|A (u"V") = Li(u, V)|

Q

<mn

v-u |:(2|u|q("‘1) +oz|v|q(”‘1))1 (2|u|q(”‘1) +a(a +3)|v|q(”‘1)>;:|
. + .
4(p+1)ll’ a+2 (o + 1) (e +2)

Proof The assertions follow from Theorem 3.3 and Corollary 3.2 applied respectively to
the («, m)-convex mapping f(x) =x",x € R, n € Z. O
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