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spherical indicatrices as Darboux curves and Bertrand mates. Also, we examine
isotropic slant helices in C3. Additionally, we show that the vectors of isotropic

I[:Z@t/:)(;gséurve curves and their pseudo-curvatures satisfy a vectorial differential equation of the
Isotropic cubic second order with variable coefficients. We study this differential equation under
Spherical image some special cases. Finally, we give the conditions for an isotropic curve to be
Darboux helix Darboux helix in C3. Next, we define the constant breadth of isotropic curves and
Isotropic slant helix express some characterizations of these curves in terms of E. Cartan equations in C3.
Isotropic curve of constant breadth © 2016 Elsevier Inc. All rights reserved.

1. Introduction

It is observed that the imaginary curves in the complex space were pioneered by E. Cartan. Cartan
defined the moving frame of an imaginary curve and its special equations in C3. In [3], the Cartan equations
of isotropic curve were extended to the four dimensional complex space C*. Moreover, Pekmen gave some
characterizations of minimal curves by means of E. Cartan equations in C? [13]. Also Semin had mentioned
the complex elements and complex curves in the real space R3 [16].

In the complex space C3, helices were characterized by [19]. In complex space C*, Yilmaz characterized
the isotropic curves with constant pseudo-curvature which is called the slant isotropic helix [17]. Yilmaz
and Turgut gave some properties of isotropic helices in C3 [19]. Recently, the representation formula for an
isotropic curve with pseudo arc length parameter and the structure function of such curves were defined
by Qian and they characterized the isotropic Bertrand curve and k-type isotropic helices by using the
representation and the Frenet formulas [15].
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Several authors introduced different types of helices and investigated their properties. For instance, Barros
et al. studied general helices in 3-dimensional Lorentzian space [4]. Izumiya and Takeuchi defined slant helices
by the property that principal normal makes a constant angle with a fixed direction [7]. Recently, Kérpinar,
and Korpinar et al. studied characterization of minimizing energy of biharmonic particles in spacetime [8,9].
Kula and Yayl studied spherical images of tangent and binormal indicatrices of slant helices and also showed
that spherical images are spherical helices [10]. Ali and Lopez gave some characterizations of slant helices
in Minkowski 3-space E$ [2]. Pekmen and Pagali characterized unit speed spacelike curves whose images lie
on a Lorentzian sphere in Minkowski 3-space E$ [14].

The Darboux rotation axis was introduced for a space curve by Barthel [5]. Afterwards, the results
obtained for Euclidean space in the work of Barthel were studied by Yiicesan for a Lorentzian space curve
[20]. The Darboux vector of isotropic curves was introduced by Semin. Curves of constant breadth were
introduced by Euler [6]. Variable space is studied by these special curves [12,11,18].

In this work, using not common vector field as Cartan frame, we introduce a new spherical image and
a Darboux helix in C3. Also translating Cartan frame’s vector fields to the center of sphere, we obtain the
spherical indicatrices of isotropic curves. Moreover, we investigate the Darboux vector and Darboux helices
in C3. Additionally, we study the constant breadth of isotropic curves in the same space.

2. Preliminaries
The three dimensional complex space C? is given with the standard flat metric as follows:
(,) = dr3 + 2dz dz3,

where (21,2, 23) is a complex coordinate system of C3.
Let x, be a complex analytic function of a complex variable ¢. Then the vector function

3
(1) =D 1)k, (1)
p=1

is called an imaginary curve, where t = ¢ + ity, @ : C — C> and Z,, are standard basis unit vectors
of E3 [1,16].

In this space, a vector which has a minimal direction is called an isotropic vector or minimal vector,
that is a vector u is a minimal vector if and only if u? = 0 [16]. The curves, of which the square of the
distance between the two points is equal to zero, are called minimal or isotropic curves [19]. Let s denote
pseudo-arclength, a curve is a minimal (isotropic) curve if and only if ds? = 0, where s denotes the pseudo
arc-length. Thus it is obvious that an isotropic curve satisfies vectorial differential equation

@' (1)) =0, (2)

dv
where p =7'(t) # 0.

For each point 7 of the isotropic curve, E. Cartan frame is defined (for well-known complex number

i? = —1) as follows, see [1,16].
e, =7,
ey =1i7",
o B "
€3 = —§_x> +z", (3)
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where 3 = (Z"’)2. The moving E. Cartan frame along the isotropic curve 7 in C3 is given by (3) which is
denoted by {€1,€2,€3}. The inner products of these frame vectors are given by

0 ifj+k=1,2,3; Mod(4),

€ €L = 4
7o {1 if j+k =4 )

The vector and mixed products of these frame vectors are given by
?j X@k = i@j+k_2, @1.(?2 X@g) = i,

for j,k = 1,2,3. The pseudo-arclength

5= / —[@")?)dt

to

is an invariant with respect to parameter ¢ [16]. Thus the vectors @; and @3 are isotropic vectors, while €2
is a real vector. E. Cartan derivative formulas can be deduced from (3) as follows

e, = —iéy,
2’2 = i(li?l +?3),
e, = —iKes, (5)

where k = g is called pseudo-curvature of isotropic curve 7 = 7(s) [13]. These equations can be used if the

minimal curve is at least of class C*. Here (') denotes derivative according to pseudo-arclength s. In the
rest of the paper, we suppose that pseudo-curvature k is non-vanishing except in the case of an isotropic
cubic. Isotropic sphere with center 7 and radius r > 0 in C? is defined [17] by

S = {P = (p1,p2,p3) € C*: (p — m)* = 0}.

Definition 2.1. An isotropic curve @ = Z(s) in C? is called an isotropic cubic if pseudo-curvature x of Z(s)
is congruent to zero [17].

Definition 2.2. An isotropic curve 7 = Z(s) in C3 is called an isotropic helix if the tangent vector e; of Z(s)
is isotropic vector [16].

Let 7 = 7(s) be an isotropic curve with the pseudo-curvature x # 0, the pseudo-Darboux vector of the
curve is defined as

e =woxe (¢=1,...,3).

If we write the pseudo-Darboux vector of the curve as follows,

3
=
wo = qu?q’
qg=1
then we obtain

=
wo = /ﬁ@l —?3.
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The norm of Darboux vector of the curve 7 =7 (s) in C? is defined as

[@o| = /(K1 — €3)% = iv2k
which is called pseudo-Lancret curvature [16].

Definition 2.3. Let 7 = 7(s) be an isotropic curve in C3. If there exists another isotropic curve Z*(s) in C?
such that principal normal vector field of Z*(s) coincides with that of Z = 7(s), then the curve Z(s) is called
an isotropic Bertrand curve, and 7*(s) is called the isotropic Bertrand mate of 7 (s) and vice versa [15].

3. Some characterizations of spherical indicatrices of isotropic curves in C3

In this section, first we give some new characterizations of spherical indicatrices of isotropic curves in C3.
Then, we continue to study these spherical indicatrices as Darboux curves and Bertrand mates. Also, we
examine isotropic slant helices in C3.

3.1. Spherical indicatrices of isotropic curves in C3

Definition 3.1. Let a = «a(s) be a regular isotropic curve in C3. If we translate the first vector field €; of
E. Cartan frame to the center O of the unit isotropic sphere S?, then we obtain spherical image ¢ = (54 ).
This curve is called E; spherical image or indicatrix of the isotropic curve oo = «(s).

Theorem 3.1. Let a be a unit isotropic curve and El be a complex unit speed curves in C* and El be a first
spherical image of the isotropic curve o.. The E. Cartan apparatus of E1 ({€14, €24, €304, ke }) can be formed
according to E. Cartan apparatus of o ({e1, ez, e3,k}).

Proof. Let ¢ = ¢(s,) be the spherical image E; of a regular isotropic curve v = a(s). We shall investigate
relations among the Cartan invariants of o and F;. First differentiating ¢ gives us

r_ de ds,

= . = —jeq. 6
14 ds, ds ez (6)

Here we shall denote differentiation according to s by a dash. Taking the norm of (6), we have

ds .
€1, = —€2, d—: =1. (7)
Differentiating (7) gives us
dei, ds .
€, = ds:'d—; = —i(ke; +e3),
so we have
élap = —(/{61 + 63).

Hence we obtain the pseudo-curvature and principal normal of ¢ as

ea, = —i(Ke1 +e3), Ky = —2kK> (8)
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(5)3 gives us the binormal vector field of the spherical indicatrix Ej of the isotropic curve @ = a(s) as
follows

ez, = —ke1 + 2ki(k + 1)es.
Corollary 3.1. The spherical image El of a regular isotropic curve o = «(s) is not an isotropic curve.
Proof. The result is straightforwardly seen by e;, which is not isotropic vector from (7).

Corollary 3.2. Let ¢ = ¢(s,) be the spherical image Ey of a regular isotropic curve a = a(s). If the
pseudo-curvature of o = a(s) is constant, then the spherical indicatriz Ey of ¢ = ¢(s,) is a pseudo-helix
in C3.

Proof. Let ¢ = ¢(s,) be the spherical image El of a regular isotropic curve o = «(s). If the pseudo-curvature
of o = a(s) is constant in terms of equations (8)z, then we have x, = constant. Therefore ¢ is a pseudo
helix.

Theorem 3.2. Let @ = 7(s) be a pseudo-arc lengthed isotropic curve in C3. The second component of the
position vector of the curve with respect to pseudo arc lengthed tangent spherical indicatriz satisfies a second

order differential equation as

d?eq . 1 dk
E + 22/4/62 + ZE(/ 62d8§0) = O (9)

d
Proof. We know that 2 =  from (7)2. Differentiating Cartan derivative equation (5); with respect to

pseudo arc-lengthed parameter of tangent spherical image, we obtain

dey _ dey ds, !

= = (—1 —. 10
ds, ds ds ( 262)1' (10)
Rearranging (10), we have
d€1
@ 11
ds, 2 (11)

Similarly, if we take a derivative of (5)2 and (5)s, we obtain

dey _dep ds L.

dsy  ds ds, Y

des des ds

2= T2 T ke, 12
ds,  ds ds, ez (12)

Thus differentiating Cartan derivative formulas with respect to pseudo-arc lengthed parameter of tangent
spherical image, and using (11) and (12), we get

r_

€1 = —€g,

/

ey = Keyp + ez,

ey = —kes. (13)
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From (13), we have
e3 = e — Kej. (14)

And from derivative of (14) and (13);, we obtain the equation (9). The differential equation in (9) is also
a characterization of the isotropic curve 7 = 7 (s). The position vector of an arbitrary isotropic curve with
respect to E. Cartan frame can be determined by means of its solution, however a general solution of (9) has
not yet been found. Due to this, Z(s) is an isotropic helix for explicit result. Let 7 = Z(s) be an isotropic
cubic, then k = 0. Therefore the differential equation in (9) turns into

d2€2
— =0. 15
dsi ( )

As solution of equation (15), we have
e2(sy) = co + ¢154; Co,c1 being constants.

Let @ =7 (s) be an isotropic helix, then k = constant. Therefore, we have the differential equation in (9)
as follows
d262

—— + 2 =0. 16
i + 2ikes (16)

As a solution of equation (16), we get

62(850) — 0[167\/21';%5,J + 0426\/2”{5"’.

Definition 3.2. Let a = a(s) be a regular isotropic curve in C3. If we translate the second vector field €5
of E. Cartan frame to the center O of the unit isotropic sphere S?, we obtain a spherical image v = (s, ).
This complex curve is called Es spherical image or indicatrix of the isotropic curve a = a(s).

Theorem 3.3. Let v be a unit speed isotropic curve in C3 and E5 be a second spherical image of the isotropic
curve . The E. Cartan apparatus of Eo ({€1-, €2+, €3y, ky}) can be formed according to E. Cartan apparatus

of a ({e1,e2,e3,K}).

Proof. Let v = 7(sy) be the E, spherical image of a regular isotropic curve a = a(s). We shall investigate
relations among the Cartan invariants of a and FE5. First differentiating - gives us

p_ dy dsy

¥ R i(ke1 + e3) (17)

Similar to spherical image Fs, one can have

K 1 ds .
ely = \/;61 + ﬁeg, d—; =1V 2k, (18)

so differentiating e1 in (18), we obtain

dey, ds K 1
! = —’Y.—’Y = ey — 2
617 dS,y ds ( 2) “ ! reat \/ﬂ
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or in other words,
. 1 K.y, i
€1y = ; 2/@(\/; €1 — €2 2/{63'
Hence we express that
e+ oG Y} + (VA - b
Ky ={—=+ —
TOWVE 2 f 2\f
€2y = _;K(\/g)/el — ’I:€2 — €3. (19)

By the Cartan formula of the binormal vector, we have

s, = [i(\/gy - - M+ [ - L+ [ Ri- 5l (20)

Theorem 3.4. Let T = Z(s) be pseudo arc-lengthed isotropic curve in C3. The second component of the
Cartan frame of the curve with respect to pseudo arc lengthed normal spherical indicatriz satisfies a second

order differential equation as follows:

d 62 1 d des 1 dk
V2K V2 —d — =0. 21
T Jands, VI g, TivaRes £ ( \/ ) o s, (21)

Proof. Let 7 = 7(s) be pseudo (isotropic) curve in C3. Since (18), we may write the Cartan frame of this
curve with respect to pseudo arc-lengthed normal spherical indicatrix

@_ —e9 @_nelJreg %_*Iieg (22)
dsy 2k dsy 2k | dsy V2K

From (22),, we can easily obtain

e3 = \/21@'— — Kej. (23)

dsy

Differentiating (23) and using (22);, we obtain the equation in (21).

We characterized the isotropic curve Z = Z(s) using the differential equation (21). If x = 0, then the
equation (21) becomes undefined. In this case, the isotropic curve Z = 7Z(s) can not be an isotropic cubic.
If k = constant, then the equation (21) turns into the following form

d2 €9

T2 +iV2kes = 0. (24)
gt

The solution of the equation (24) are obtained as follows:
62(57) — 51671'\? 21KS 4 5262' \321’/{57.

Corollary 3.3. The spherical image Es of a regular isotropic curve o = a(s) is not an isotropic curve.

Proof. The result is straightforwardly seen by e;, which is not isotropic vector from (18);.

Please cite this article in press as: S. Yilmaz, Y. Unliitiirk, Contributions to differential geometry of isotropic curves
in the complex space C* — 11, J. Math. Anal. Appl. (2016), http://dx.doi.org/10.1016/j.jmaa.2016.02.072




Doctopic: Miscellaneous YJMAA:20245

8 S. Yaulmaz, Y. Unlitiirk / J. Math. Anal. Appl. e e e (e eee) e oo—0oe

Corollary 3.4. Let v = ~(sy) be the Es» spherical image of a regular isotropic curve a = a(s). If the
pseudo-curvature of o = «a(s) is zero, then the Es spherical indicatriz v = vy(sy) is not an isotropic cubic
in C3.

Proof. Let v = 7(s,) be the E, spherical image of a regular isotropic curve a = a(s). If the ratio of
pseudo-curvatures of o = «(s) is zero in terms of £, in (19);, then we have x, which is undefined. Therefore,
v is not an isotropic cubic.

Corollary 3.5. Let v = ~(sy) be the Es» spherical image of a regular isotropic curve o = a(s). If the
pseudo-curvature of a = a(s) is constant, then the Ey spherical indicatriz v = ~(sy) is a pseudo-helix
in C3.

Proof. Let v = 7(s,) be the E, spherical image of a regular isotropic curve o = a(s). If the pseudo-curvature
of a = a(s) is constant in terms of x in (19);, then we have k., = constant. Therefore, v is a pseudo helix.

Definition 3.3. Let o = «a(s) be a regular isotropic curve in C3. If we translate the third vector field €3 of
E. Cartan frame to the center O of the unit isotropic sphere S?, then we obtain a spherical image & = £(s¢).
This complex curve is called E5 spherical image or indicatrix of the isotropic curve a = a(s).

Theorem 3.5. Let ¢ be the unit speed isotropic curve in C® and Eg be a third spherical image of the isotropic
curve o. The E. Cartan apparatus of Es ({e1¢, ea¢, e3¢, ke }) can be formed according to E. Cartan apparatus

of a ({e1,e2,e3,K}).

Proof. Let & = £(s¢) be the Eg spherical image of a regular isotropic curve o = a(s). First, differentiating
& with respect to s gives us

In terms of Cartan frame vector fields, we immediately arrive at

ds .
€1¢ = —€2, T; = —1lR. (25)
In order to determine pseudo-curvature of £, we write
—é1§ = —e€1 + —es3.
ik
Hence, we immediately reach the following result
1 2
= —q + — B = — 5 26
eae ien+ —e3, K e (26)
By the Cartan formula of the isotropic binormal vector, we have
2 2 2 1.1,
=——9 —1 ——i+ — (= . 27
e3¢ nlel+lile2+[ n2l+m(li)]e3 (27)

Corollary 3.6. The spherical image E3 of a regular isotropic curve o = «(s) is not an isotropic curve.

Proof. The result is straightforwardly seen by e1¢ which is not isotropic vector from (25);.
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Corollary 3.7. Let £ = &(s¢) be the Es spherical image of a reqular isotropic curve o = a(s). If the pseudo-
curvature of o = «(s) is zero, then the F3 spherical indicatriz & = £(s¢) is not an isotropic cubic in C3.

Proof. Let £ = £(s¢) be the Es spherical image of a regular isotropic curve a = a(s). If the ratio of
pseudo-curvatures of v = «(s) is zero in terms of k¢ in (26);, we have k¢ which is undefined. Therefore, ¢ is
not an isotropic cubic.

Corollary 3.8. Let { = &(s¢) be the E‘g spherical image of a regular isotropic curve o = «(s). If the pseudo-
curvature of o = as) is constant, then the E5 spherical indicatriz & = £(s¢) is a pseudo-heliz in C3.

Proof. Let £ = &(s¢) be the ES spherical image of a regular isotropic curve @ = «(s). If the pseudo-curvature
of a = a(s) is constant in terms of k¢ in (26);, we have k¢ = constant. Therefore, £ is a pseudo helix.

Theorem 3.6. Let @ = 7(s) be pseudo arc-lengthed isotropic curve in C2. The third component of the position
vector of the curve with respect to pseudo arc-lengthed binormal spherical indicatrixz satisfies a second order
differential equation

d?eq 1 dk 1 ds
T2 04 =Ly - ([ endse) = 0. 28
ds? 2+ id55)62 i dsg (/ ezdse) (28)
d
Proof. Let 7 = 7(s) be an isotropic curve in C3. We know that % = —ik from (25)y. Differentiating

Cartan derivative equation (5); with respect to pseudo arc-lengthed parameter of binormal spherical image,
we obtain

T T~ ) (29)
Rearranging (29), we have
de e
d—s; = ;2 (30)
Similarly, if we differentiate (5)2 and (5)3, we obtain
des des ds 1
d_35 = Ed_sf = —€1 = ;63”
deg _ des ds _ (31)

dse  ds dse @

Thus differentiating Cartan derivative formulas with respect to pseudo-arc lengthed parameter of binormal
spherical image, and using (30) and (31), we obtain

1

[
€1 = /6627
eh = —e le

2 — 1 K 35
e = es. (32)

From (32), we have

e3 = —[ey + e1]k. (33)
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in the complex space C* — 11, J. Math. Anal. Appl. (2016), http://dx.doi.org/10.1016/j.jmaa.2016.02.072




Doctopic: Miscellaneous YJMAA:20245

10 S. Yaulmaz, Y. Unlitiirk / J. Math. Anal. Appl. e e e (e eee) e oo—0oe

By derivatives of (33) and (32);, we obtain the equation (28). We characterized the isotropic curve 7 = 7(s)
using the differential equation (28). If k = 0, then the differential equation (28) becomes isotropic cubic. In
this case, we get the differential equation as follows:

£%2 9y =0. (34)

The solution of the differential equation (34) is obtained as follows:
ea(se) = ule_\/is5 + uge\/ﬁss. (35)

If k = constant, then the differential equation (28) characterizes isotropic helix. In this case, we obtain the
differential equation as similar to (34), and so its solution is similar to (35).

Theorem 3.7. Let a = «(s) be an isotropic curve and all of El, Eg, E3 be its spherical indicatrices in C3.
Both of E1 and E3 are also spherical involutes of the E3 spherical indicatriz of «.

Proof. Let us denote the isotropic tangent vectors of the spherical indicatrices E‘l, E‘g and Eg as €1y, €1y,
eig, respectively. By (7)1, (18)1, and (25)1, these tangent vectors are given as

K 1
€1p = —€2, €1y = 561 + \/?63, €1¢ = —€2. (36)
K

Using the equations (36), we have

(€14, €14) = (€14, €1¢) = 0.

The tangent vectors of the El and Eg spherical images are orthogonal to tangent vector of the EQ spherical
indicatrix, so the proof is completed.

3.2. Isotropic Darbouz spherical indicatrices in C3

Definition 3.4. Let wg = ke; — ez be an isotropic Darboux vector. By translating the unit vector field wq to
the center O of the unit isotropic sphere S?, we obtain an isotropic (pseudo) spherical image of & = £(s¢)
which is called Darboux spherical indicatrix in C3.

Theorem 3.8. Let & = £(s¢) be unit isotropic Darbouz spherical indicatriz of the isotropic curve o in C3.
The E. Cartan apparatus of Wy ({€1w, €2w; €3w, Kw ) can be formed according to E. Cartan apparatus of «

({617627637H})'
Proof. Given the Darboux vector as follows
@0 = @0(8*) = Ke€é1 — €3, (37)

where s* is the pseudo arc-parameter of wy. Differentiating (37) with respect to s, we get

dwy _ dwyds* e
ds  ds* ds "
Therefore, we obtain
ds*
Cly = €1, o= K. (38)
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Using the definition of pseudo-curvature, we have the curvature k., of the curve wy = wy(s*) as follows:

Ky = 2(2)%-&- (m,)g( =) (=)

Using equation (3)2, we obtain the principal normal as follows:
i

€ = —(Klel + 63).
K

Finally, the binormal vector is as follows

1., i,

esw = —|(—) ke 2e —)'es| — Kwe1.

3w im’[(m) 1+ 2+(K) 3] wel

Definition 3.5. An arbitrary isotropic curve 7 = 7(s) is a called an isotropic Darboux curve if it satisfies
(es, w) = const.

for a non-zero constant w.

Theorem 3.9. Let & =7 (s) be a Darboux heliz, then the azis of the isotropic Darbouz heliz is as follows:
d = Fie; — %62 + kes. (39)

Proof. Let w be the vector field such that the function (es,w) = & is constant. There exist /1 (s) and la(s)
such that

d=1i(s)er + l2(s)ez + Kes. (40)
Differentiating (40) and using the derivative formulas in (5), we have
d = (I} + lair)ey + (I 4+ lii)es + (K + l2i)es.

Since the system {eq, ez, e3} is linearly independent, we obtain

I+ lair =0,
I+ 11 =0,
K+ lai = 0. (41)
From (41), we find
b= i, lp——L (42)
1=F =

Substituting (42) into (40), we get the axis of Darboux helix a as in (39).

Theorem 3.10. Let @ = Z(s) be an isotropic curve and a Darbouz heliz in C3. The pseudo curvature k of
the curve T(s) satisfies the following non-linear system of equations

1 1
1— (Y _p2i—0 = "—o. 43
T (K) k1 =0, H—l—/{— (43)
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Proof. Since 7 =7 (s) is a Darboux helix, its axis is as in (39). Differentiating (39) gives us

1

. 1
d =e +[F1 - (=) — K?i]ex + [E + K']es.
Since the system {es, e3} is linearly independent, we can write the system of equations (43).

Corollary 3.9. Let @ = 7(s) be an arbitrary isotropic curve. If @ = T(s) is an isotropic slant heliz, then
w.d = constant.

Proof. It is known that the curve @ = 7 (s) is a pseudo-helix if and only if its pseudo-curvature & is constant.
From the inner product of w and d, we get

w.d=k?Fi.
Since k = constant, we find out w.d = constant.
3.8. Spherical indicatrices of isotropic curves as Bertrand mates in C3

Theorem 3.11. Let @ = Z(s) be an isotropic curve in C3. Both of the El and Ed spherical indicatrices are
Bertrand mates.

Proof. Let us denote the E; and Ej3 vectors as ez, and ege, respectively. By the principal normal isotropic
vectors in (8); and (26);, we have the following equation

1
€20 = 26257

so the E; and E‘g isotropic vectors are linearly dependent. As a result of that, they are Bertrand mates.

Theorem 3.12. Let @ = 2(s) be an isotropic curve in C3. If the El and Eg spherical indicatrices of isotropic
curve are Bertrand mates, then

A(s) = constant.
Proof. From Definition 2.1, we write that

By = B3 + Aeg. (44)
After derivation of (44) with respect to s, we obtain

dE, ds, dEsdse ,
——t=——"—4 Aege. 45
ds, ds dse ds At Al (45)

Rearranging (45) gives us
e141 = —ergik + Neae — Ni(K'e1 — Kea — ikes). (46)
From Definition 2.1, it yields that

€1Lp 1 €2¢.
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Let’s take the inner product (46) with es¢, then we have
dX
20
ds

which implies that A(s) = constant.

3.4. Isotropic slant helices in C>

Definition 3.6. An arbitrary isotropic curve av = a(s) is called a type-1 isotropic slant helix if it satisfies

e2.u = constant, (48)

for constant and non-zero u. An arbitrary isotropic curve a = «(s) is called a type-2 isotropic slant helix if
it satisfies

es.u = constant, (49)
for constant and non-zero u.

Theorem 3.13. Let a = a(s) be an isotropic cubic in C3. If a = «(s) is a type-1 isotropic slant heliz, then
the azis of the curve can be written as

u = ce1, ¢ being constant,
for c € C3.

Proof. From Definitions 2.1 and 3.6, we know that e;.u = constant, and x = 0. Differentiating (48) with
respect to pseudo-arc length parameter s, we find

i(es + kep).u = 0. (50)
From (50), it is seen that e L u, where
U= ujey + uses. (51)
On the other hand, we see that us is constant since
es.u = constant.
Differentiating (51) and using u’ = 0, we find u; = c.

Theorem 3.14. Let a = «a(s) be an isotropic curve in C3. Then o = a(s) is a type-2 isotropic slant heliz if
and only if o = «a(s) is an isotropic cubic.

Proof. From Definition 3.6, we know that e3.u = constant, and x = 0.
Differentiating (49), we find

i(es + kep).u = 0. (52)
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From (52), it is obvious that es L u, where
U = vieq + veeq. (53)
Differentiating (53) and using v’ = 0, we have
v = (v] + vaik)er — viieg + (vh + vai)eg = 0.
Hence, we can write
v + ik =0, w1i =0, vh+vyi=0. (54)
From (54), it is seen that x = 0; therefore, a(s) is an isotropic cubic.
4. Isotropic curves of constant breadth in C3

In this section, we define isotropic curves of constant breadth in C3, and we give some characterizations
of these kind of curves.

Definition 4.1. A regular curve with more than 2-breadths in C? is called an isotropic Smarandache breadth

curve.

Let t» = ¢(s) be an isotropic Smarandache breadth curve. Moreover, let us suppose that ¥ = 1(s) is a
simple closed isotropic curve in C3. This curve will be denoted by (§). The normal plane at every point P
on the curve is also at a single point ) other than P. We call the point ) as the opposite point of P. We
consider a curve in the class I' as having parallel tangents T and T™ in opposite directions at the opposite
points v and ¥* of the curve. A simple closed curve having parallel tangents in opposite directions at
opposite points can be represented with respect to Cartan frame by the equation

P*(s) = (s) +maer +maeqg + maes, (55)

where m;(s), 1 <14 < 3 are arbitrary functions, ¥ and ¥* are opposite points.
Differentiating (55) and considering Cartan equations, we have

ds* d d d _
S (dlsl + 14+ maik)e; + (—mai+ %)62 + (mai + dﬂj —mgik)es.  (56)

dy*  dy*dst o
ds  ds* ds  'ds

Using e} = —ey, and rewriting (56) we obtain

dm1

ds ds
dmg
ds
dm3
ds

= —Mat + M3ik.

*

d
If we recall g(s) = — ° 1 and use it in (57), we get

ds
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dmy .

— = —Mmatk + g(s

ds 9(s),

dma )

— = mai, (58)
ds

dm3 . .

— = —Mt + Mm3iKk.
ds

Theorem 4.1. Let @ =7 (s) be pseudo arc-lengthed isotropic curve in C2. The first component of the position
vector of the curve with respect to E. Cartan frame satisfies a second order differential equation

d*>my(s) d dg(s)
Trme) E[/ ma(s)ds.r] — <0 =0, (59)
Proof. From (58)1, we obtain
dm (s)
9(s) = ———
mafs) = —— (60)

By substituting (60) into (58)2, we reach the differential equation (59).
Now, we characterized the distance of constant breadth of the curve in C3. If the distance between
opposite points of (§) and (0*) is constant, then we can write that

l* — || = m3 + 2myms = > = constant. (61)
Hence, differentiating (61), we get

dm dm dm
d82 +ms 1 +my 3

ds ds 0 (62)

ma

Let us study some cases for the special solution of (60) as follows:
From (61), we write that

, dm
mg(mlm + Tsl) =0. (63)

Obviously, there are two cases for (63) as follows

d
mg =0 or % = —myik. (64)

Thus we shall study the following subcases of (64):
Case 1. If m3 = 0, then m; = ms = 0. Hence the equation (55) becomes as

Pt =1

d
Case 2. If % = —my ik, then we obtain
s

my = —/mlmds,

my = 7/(/ myikds)ds,

ms = e "8 [/ e (—mgi)ds + 14].
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Hence the equation (55) becomes as

¥ (s) = 0(s) / maikds)er + ( / / maikds)ds)e; + (=% / e~ (—myi)ds + Ia])es

Theorem 4.2. Let 7 = 7(s) be pseudo arc-lengthed isotropic curve in C3. There is an isotropic curve of
constant breadth which lies fully in the subspace €.

Proof. Let @ = 7(s) be pseudo arc-lengthed isotropic curve in C3. Using ms = m3 = 0 by means of (58),
we obtain

mq = c¢; = constant and ds* = —ds.
Therefore by (55), isotropic curve of constant breadth lies fully in the subspace e;.

Theorem 4.3. Let 7 = 7(s) be pseudo arc-lengthed isotropic curve in C3. There is an isotropic curve of
constant breadth which lies fully in the subspace es.

Proof. Let 7 = 7(s) be pseudo arc-lengthed isotropic curve in C3. If the components in (58); and (58)3 are
taken as mq, = mgz = 0, it follows that

*

me = cg = constant and i —(coik + 1).
S
Therefore, isotropic curve of constant breadth lies fully in the subspace es by (55).

Theorem 4.4. Let @ = 7(s) be pseudo arc-lengthed isotropic curve in C3. There is an isotropic curve of
constant breadth which lies fully in the subspace es.

Proof. Let 7 =7 (s) be pseudo arc-lengthed isotropic curve in C3. If the components in (58); and (58)3 are
taken as m; = mo = 0. It follows that

ms = eilrds  and  ds* = —ds.
Therefore by (56), isotropic curve of constant breadth lies fully in the subspace es.

The differential equation in (59) is also a characterization of the isotropic curve @ = Z(s). The position
vector of an arbitrary isotropic curve with respect to E. Cartan frame can be determined by means of its
solution, however, a general solution of (59) has not been found yet. Because of this, let us suppose that
7 (s) is pseudo-helix for an explicit result. By this way, one can express

Corollary 4.1. Let @ = Z(s) be an isotropic (pseudo) heliz in C3. In the case k = constant, position vector
of Z(s) with respect to E. Cartan frame can be written as

* ns kS RS —q' S
B(s) = (5) + {he™V™ + lpeV™ 4 eV ﬁg__%ds]
/\/_ Vs ds|}er + {lie™VF® + lpeVRe 4 o7V \/_ELZ(\S/)ESdS]

/ \/_efgds e /e_i“s(—mgi)ds + Iz }es.
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