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Abstract: In this study, we examine k-type pseudo null slant helices due to the Bishop frame, where
k €{0,1,2}. There are two different cases of the Bishop frame of a pseudo null curve related to the

Bishop curvatures. Based on these cases, we present that every pseudo null curve is a k-type pseudo
null curve according to the Bishop frame in Minkowski 3-space E]. Then we obtain the axes of

k-type pseudo null slant helices, and determine their causal characters.

Keywords: Bishop Frame; pseudo null curve; k-type pseudo null slant helix
Mathematics Subject Classification: 53A99, 53B99

1. Introduction

In the theory of curves, general helix is very important class of curves. One of the most
elementary but widely researched topics is helix in the theory of curves. In his famous theorem,
Lancret states that helices are characterized by the constant ratio of curvature and torsion. Slant
helices as a special class of general helices were firstly defined by Izumiya and Takeuchi [1]. All
helices (W-curves) have been completely classified in E’ by Walrave [2]. Several authors

introduced different types of helices and investigated their properties. Kula and Yayli studied
spherical images of tangent and binormal indicatrices of slant helices and also showed that spherical
images are spherical helices [3]. Kula et al. characterized slant helices in Euclidean 3-space [4]. Also
the work [5] studies the physical applications of slant helices in the ordinary space.

The notion of k-type slant helices refers to the class of curves having a property that the scalar
product of frame's vector field and a fixed axis is constant. The studies about k-type slant helices are
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as follows: Ergii et al. studied non-null k-type slant helices in Minkowski 3-space [6]. Ali et al.
examined k-type partially null and pseudo null curves in Minkowski 4-space E,'[7]. Pseudo null

Darboux helices, null Cartan Darboux helices, k-type pseudo null Darboux helices, and k-type null
Cartan helices were discussed in [8-10]. Qian presented some results of k-type null slant helices in
Minkowski space time [11]. Recently, Grbovic and NeSovic obtained some results of k-type null
Cartan slant helices according to the generalized Bishop frame [12].

The vanishing of second derivative of a curve has led to the study of the new frame. First the
behaviour of a curve was studied by a new adapted frame which is called Bishop frame or relatively
parallel adapted frame [13]. This frame is composed of the vectors; the tangential vector field T,
and two normal vector fields N, and N, which are obtained by rotating the Serret-Frenet vectors

N and B inthe normal plane T+ of the curve, in such a way that they become relatively parallel [13].
Bishop frame have been defined for curves in different Euclidean ambient spaces [14-17]. There is
also interesting study which points out the physical applications of Bishop frame, see [18].

In this paper, we study k-type pseudo null slant helices according to two possible forms of the
Bishop frame given by Grbovic and Nesovic [15]. We show that every pseudo null curve is a k-type
pseudo null curve according to the Bishop frame in Minkowski 3-space E’. Then we find the axes

of k-type pseudo null slant helices, and determine their causal characters.

2. Preliminaries

The three dimensional Minkowski space E] is a real vector space R® endowed with the
standard indefinite flat metric (,) defined by

<’> = XY XY, T XY, (2.1)

where X =(X,X,, %) and y=(y,,Y,,Y,) are any two vectors in E>. Since this metric is an
indefinite metric, an arbitrary vector x € E} has one of three Lorentzian characters: it is a spacelike
vector if (x,x)>0 or x=0; timelike (x,x)<0 and null (lightlike) (x,x)=0 for x#0. The

pseudo-norm of the arbitrary vector x e E; is given by |X|=/|(x,x)|. Similarly, an arbitrary curve

y=y(s) in E} can locally be spacelike, timelike or null (lightlike) if its velocity vector y' is,
respectively, spacelike, timelike or null (lightlike), for every sel cE. The curve y=y(s) is
called a unit speed curve if its velocity vector ' isunitonei.e, ||y =1[19,20].

A spacelike curve y:1 —E’ is called a pseudo null curve, if its principal normal vector field
N and binormal vector field B are null vector fields satisfying the condition (N,B)=1. The
Frenet formulae of a non-geodesic pseudo null curve y = y(s) have the form

T 0 ~ O T
N (=0 7z 0/|N]| (2.2)
B -x 0 -7 B

where the first Frenet curvature x(s)=1 and the second Frenet curvature (torsion) z(s) is an
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arbitrary function of arc-length parameter s of » [2]. Also the vector fields of Frenet frame holds
the following relations:

(T, T)=1,(N,N)=(B,B)=0,(T,N)=(T,B)=0,(N,B) =1,

and
TxN=N, NxB=T, BxT=B.

The Frenet frame {T,N, B} is positively oriented, if det(T,N,B)=[T,N,B]=1.
Definition 2.1. The Bishop frame {T,,N;,N,} of a pseudo null curve » in E} is positively
oriented pseudo-orthonormal frame consisting of the tangential vector field T, and two relatively
parallel lightlike normal vector fields N, and N, [15].

The vector fields of The Bishop frame of a pseudo null curve » in E; satisfy the relations [15]

<T1,T1> :1,<N2, N2> = <N1, N1> = 0,<Tl, N1> = <Tl, N2> = 0,<N1, N2> =1, (2.3)
and
TxNp=-T, NyxN,==N,, N,xT, =N, (2.4)

Theorem 2.1. ([15]) Let » be a pseudo null curve in E} parameterized by the arc-length s with
the curvature x(s)=1 and the torsion z(s):
(i) Then the Bishop frame {T,,N;,N,} and the Frenet frame {T,N,B} of » are related by:

] (1 0 ofT

MBI (2.5)
K,

N.J lo 0 «,|LB

and the Frenet equations of » according to the Bishop frame read

—

! 0 x, K| T,
N, |=|-x, 0 O N,]| (2.6)
N, -k, 0 O]|N,

J'r(s)ds

where x,(s)=0 and «,(s)=c,e ,Co €Ry;

(ii) Then the Bishop frame {T,,N;,N,} and the Frenet frame {T,N,B} of » are related by:
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T, -1 0 0T
N, =0 0 —x|NJ (2.7
N, 0 _1 o | B

L ! _

and the Frenet equations of y according to the Bishop frame read

T 0 «x, x| T,
N,"|=|-x, 0 O N[ (2.8)
N, ' -x, 0 O|IN,

jr(s)ds

where «;(S) =c,e G, €R, and x,(s)=0.

3. On k-type pseudo null slant helices due to the Bishop frame in Minkowski 3-space

In this section, we study k-type pseudo null slant helices framed by the Bishop frame in
Minkowski 3-space E’. From Equations (2.7) and (2.8), there are two cases arising from the

Bishop curvatures. In the first case, the first Bishop curvature x; vanishes, and the vector field N,
Is zero vector. In the second case, the second Bishop curvature x, vanishes, and the vector field
N, is zero vector. We will examine these cases separately in this section.

Definition 3.1. A pseudo null curve » in E} given by the Bishop frame {T,,N;,N,} is called a
0-type pseudo null slant helix if there exists a non zero fixed direction V € E] such that satisfies

(TL,V)=c,ceR,

and a k-type pseudo null slant helices for k {1,2} if there exists a non zero fixed direction V € E;
such that hold

(N,.V)=c,ceR. (3.1)
The fixed direction V is called axis of the helix.

3.1. The first case

Theorem 3.1. Every pseudo null curve y in E’ with the Bishop curvatures x;(s)=0 and

7ds
K,(S) = coej isak-type {k =0,1,2} pseudo null slant helix.

Proof. Let us take the pseudo curve y framed by the Bishop frame. According to Definition 3.1,
there exists a fixed direction V € E} such that
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(T.V)=c,ceR. 3.2)
The fixed direction V can be decomposed as
V =cT,(s) + 4,(S)N,(5) + 4, ()N, (s), (3.3)

where A4,(s) and A,(s) are some differential functions in terms of s . Differentiating the Eq. (3.3)
with respect to s and using (2.6), we have the following system of differential equations

Ak, =0,
A, +Cx, =0, (3.4)

2, =0.

From (3.4), we have

{ﬂl(s) = ¢ — [, (s)ds, 5
2,(s) =0,
where ¢, € R. Using (3.5), we have the axis V as
V =T, +(c, —¢[x, (s)ds)N,, (3.6)

Differentiating (3.6) and using (2.6) gives V (s)=0. Hence, V is a fixed direction. Thus, y isa

0-type pseudo null slant helix.
Let us show that pseudo null curve is also a 1-type pseudo null slant helix. According to
Definition 3.1, there exists a fixed direction V € E] such that

(N,V)=c,ceR. (3.7)
The fixed direction V is decomposed as follows:
V = 4 (8)T,(5) + 4, ()N, (5) +CN, (8), (3.8)

where 4,(s) and A,(s) are some differential functions in terms of s . Differentiating the Eq. (3.8)
with respect to S and using (2.6), we have the following system of differential equations

el @9

From (3.9), we have

AIMS Mathematics Volume 5, Issue 1, 286—299.
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A(s) =—c sz (s)ds,

3.10
2 (8) = ¢ i, (f1c, (5)) s, 10

where ceR.
Using (3.10), then we have

V =i, ()dsT, + ¢ i, (Jic, (5))dsN, + N, (s). (3.11)

Differentiating (3.11) and using (2.6), then we arrive at V' (s)=0. Hence, V is a fixed direction.
Therefore, y isa 1-type pseudo null slant helix.

Let us show that pseudo null curve is also a 2-type pseudo null slant helix. Due to Definition 3.1,
there exists a fixed direction V € E} such that

(N,V)=c,ceR. (3.12)
The fixed direction V is written as
V = 2,(S)Ty(8) +CN, (s) + 4, (S)N, (s), (3.13)

where 4,(s) and A,(s) are some differential functions in terms of s. Differentiating the Eq. (3.13)
with respect to S and using (2.6), we have the following differential equation system

A — Ak, =0,
Ak, =0, (3.14)
A, =0.
From (3.14), we get
4(8)=0,4,(s) =0. (3.15)
Using (3.15), the axis V is obtained as
V =cN,, (3.16)

From (3.16) and (2.6), we find V (s)=0. So, V is a fixed direction.

As a result, every pseudo null curve according to the Bishop frame with the Bishop curvatures
J'zds

k,(s)=0 and «,(s)=c,e is a k-type pseudo null slant helix.

Corollary 3.1. An axis of the O-type null Cartan slant helix » in E’ with the Bishop curvatures

J'zds

x(s)=0 and x,(s)=ce is given by

AIMS Mathematics Volume 5, Issue 1, 286—299.



292

V =T, + (¢, —¢[x,(s)ds)N,,

where ceR and ¢ eR.
Corollary 3.2. An axis of the 1-type null Cartan slant helix » in E’ with the Bishop curvatures

jrds

k,(s)=0 and «,(s)=c,e is given by

V=c IKZ(s)dsTl—c IKZ(IKZ(S)dS)dSNl+cN2(s),

where ceR.
Corollary 3.3. An axis of the 2-type null Cartan slant helix » in E’ with the Bishop curvatures
Izds o
k,(s)=0 and «,(s)=c,e is given by
V =cN,,
where ceR.
Corollary 3.4. The causal character of the axis V of the 0-type pseudo null slant helix » in E}

7ds
with the Bishop curvatures #;(s)=0 and «,(s)= coej is either spacelike or null.
Corollary 3.5. The causal character of the axis V of the 1-type pseudo null slant helix » in E}

J‘zds

with the Bishop curvatures #;(S)=0 and «,(s)=c,e IS

(i) spacelike if
{IKZ (s)ds}* -2 IKz ( IKZ (s)ds)ds >0,
(ii) timelike if
{IKZ (s)ds}* -2 IKz ( IKZ (s)ds)ds <0,
(iii) null if
{j,cz (s)ds}* -2 sz ( sz (s)ds)ds = 0.
Corollary 3.6. The causal character of the axis V of the 2-type pseudo null slant helix » in E’

Izds

with the Bishop curvatures #;(S)=0 and «,(s)=c,e is null.

Example 3.1. Let us consider a pseudo null curve in E; given by (Figure 1)

y(s) = (e°,€%,9).
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Figure 1. The k-type pseudo null slant helix.

According to the statement (ii) of Theorem 2.1, the Bishop curvatures of » are
K (s)=0, x,(s)=1.

The Bishop frame of y is computed as

T, =(e*,e’ 1),
11 1
Nl = (_l_! s)f
C, Cy Coe
2s _a2s
N2 - (_ (e _'2_1)(:0 ' (1 e2 )CO ,—Coes).

By Theorem 3.1, the pseudo null curve y holds 0,1,2-type slant helices whose axes are,
respectively, calculated as follows:

c, —CC,e c, —cc.e’ c, —cc.e’
1 0 Ces-l- 1 0 cs + 1 0

V =(ce® + : : )
C, C, C,e

cc, CC 3cc.e®

V= (—=2%,=2,ccp 5" ——2),
2

c Cc ¢
V:(_1_| S)’

Co Cy Co€

all of these axes satisfy the Egs. (3.2), (3.7), and (3.12).
3.2. The second case

J'rds

Theorem 3.2. Every pseudo null curve » in E} with the Bishop curvatures «,(s) = c,e and

K,(S)=0 isak-type {k=0,1,2} pseudo null slant helix.
Proof. Let us take the pseudo curve y framed by the Bishop frame. According to Definition 3.1,

there exists a fixed direction V € E} such that
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(T,V)=c,ceR. (3.17)
The fixed direction V can be decomposed as
V =cT,(s) + 4,(S)N,(5) + 4, ()N, (s), (3.18)

where 4,(s) and A,(s) are some differential functions in terms of s. Differentiating the Eq. (3.18)
with respect to s and using (2.8), we have the following system of differential equations

Ak, =0,
A, +Ck, =0, (3.19)
A =0.
From (3.19), we have
A4,(s) =0,
(3.20)
2(s) = ¢, —c i (s)ds,
where ¢, € R. Using (3.20), we arrive at
V =T, +(c, —¢[x,(s)ds)N,, (3.21)

Using (2.8) in the differentiation of (3.21), then we find V (s)=0. Hence, V is a fixed direction.
Thus, y isa 0-type pseudo null slant helix.

Let us show that pseudo null curve is also a 1-type pseudo null slant helix. According to
Definition 3.1, there exists a fixed direction V € E] such that
(N,V)=c,ceR. (3.22)

The fixed direction V is decomposed by

V = 24,(S)Ty(8) + 24, ()N, (8) +CN, (s), (3.23)

where 4,(S) and A,(S) are some differential functions in terms of s . If we differentiate the Eq. (3.23)

and use Eq. (2.8), then we obtain the following system

21’_22’(1 =0,
Ak, =0, (3.24)
A =0.

By (3.24), we find
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{MS) ah (3.25)
2,(5) =0.
Using (3.25), then the axis V isas

V =cN,(S). (3.26)

Using (2.8) in the differentiation of (3.26) gives V (s)=0. From here, » is a 1-type pseudo null

slant helix.
Consider pseudo null curve is also a 2-type pseudo null slant helix. According to Definition 3.1,
there exists a fixed direction V € E} such that

<N2,V>:c, ceR. (3.27)
The fixed direction V is decomposed by
V = A (S)T(8) +CN, (s) + 4, ()N, (s), (3.28)

where 4,(s) and A,(s) are some differential functions in terms of s. If we differentiate the Eq. (3.28)
and use the Eq. (2.8), then we obtain following differential equation system

{4 ~ox =0, (3.29)
A+ A, =0,
By (3.29), we get
A(s) =—c sz(s)ds,
(3.30)
A,(s) = —¢ j;cz ( Ixz(s)ds)ds.
Using (3.30), then the axis V isas
V=-c j;cz (s)dsT,(s)+CN,(s)—c sz ( j,cz (s)ds)dsN, (s), (3.31)

where ceR. Using (2.8) in the differentiation of (3.31) gives V (s)=0. Hence, V is a fixed

direction.
Consequently, every pseudo null curve according to the Bishop frame with the Bishop curvatures

7ds
K, (s) = cOeI and x,(s)=0 isak-type {k=0,1,2} pseudo null slant helix.
Corollary 3.7. An axis of the 0-type null Cartan slant helix » in E’ with the Bishop curvatures

Izds o
K, (S) = cye and x,(s)=0 isgiven by
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V =cT, +(c —c.[zcl(s)ds)Nz,

where c,c,eR.
Corollary 3.8. An axis of the 1-type null Cartan slant helix » in E’ with the Bishop curvatures

IZdS o
K, (S) =cye and x,(S)=0 isgiven by
V =cN,(s),

where ceR.
Corollary 3.9. An axis of the 2-type null Cartan slant helix » in E’ with the Bishop curvatures

Izds o
K, (S) =cye and x,(s) =0 isgiven by
V = ¢, (s)dsT, (s) + ON, (5) ¢ [, (Ji (5)ds)dlsN, (s),

where ceR.
Corollary 3.10. The causal character of the axis V of the O-type pseudo null slant helix » in E}

7ds
with the Bishop curvatures «;(s) = coej and x,(s) =0 is either spacelike or null.
Corollary 3.11. The causal character of the axis V of the 1-type pseudo null slant helix » in E}

ds
with the Bishop curvatures «;(s) = coej and x,(s)=0 isnull.
Corollary 3.12. The causal character of the axis V of the 2-type pseudo null slant helix » in E}

7ds
with the Bishop curvatures «;(s) = coeI and x,(s)=0 is
(1) spacelike if

{Jr(8)dsy’ ~ 2] ([ (s)ds)ds >0,
(ii) timelike if
{Jr(s)dsy” ~ 2w ([ (s)ds)ds <O,
(iii) null if
{Jr(s)dsy” - 2J; ([ (s)ds)ds = 0.
Example 3.2. Let us consider a pseudo null curve in E} given by (Figure 2)

3

s s? §°
S)= (—+—, >+ 5).
7(s) (3 >3 )

AIMS Mathematics Volume 5, Issue 1, 286—299.



297

Figure 2. The k-type pseudo null slant helix.

According to the statement (ii) of Theorem 2.1, the Bishop curvatures of » are
K (s)=c,(2s+1), x,(s)=0.
The Bishop frame of y is computed as

T, = (s’ +s,8° +s,1),

11
le(—,—,O),

0 COZ 2 2 2
Nz:Co(—(S +5) +1,1—(s +5) ,—sz—s).

2 2

By Theorem 3.2, the pseudo null curve y holds 0,1,2-type slant helices whose axes are,
respectively, calculated as follows:

2 2 2 2
V =c(s® +s,8° +5,1) +(c,c, —ccls® +ccis)(— (s°+5) +1,1 (8" +5) —s%—5),

2 2
2 2 (2 2
V:cco(—(s +;) +1’1 (32+s) s —s),
V =—(cc,s” +CCyS) (s +5,8° +5,1)
3.3 2 2 (a2 2
+(£,£,0)—(4Ci+cc§sz)(—(s +5) +1’1 (s“+5s) I
C, G 3 2 2

all of these axes satisfy the Egs. (3.17), (3.22), and (3.26).
4. Conclusion

In this study, we examine k-type pseudo null slant helices due to the Bishop frame given by
Grbovic and Nesovic [15] under two different cases. We show that every pseudo null curve framed
by the Bishop frame is a k — type pseudo null slant helix. We find parameter equation of axis V of
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all k-type pseudo null slant helices in terms of the Bishop frame's vector fields. Finally, we determine
the causal characters of the axes in two possible cases.
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